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PREFACE 


ihe present volume is in many respects a companion volume to the earlier 
Colloquium Publication of Paley and Wiener. The same tools are used in both. 
(See Appendix.) Certain topics such as the closure of trigonometric sequences 
and some problems of Polya are treated in both. The technique of the Fourier 
tiansfoim in the complex domain developed in Paley and Wiener has, in the 
piesent volume, been further extended in the solution of such problems as the 
general unrestricted gap Tauberian theorem. 

Ihe contents break up into lour parts. Large portions of the first two parts 
have appeared in various journals during the past four years. The last two 
parts consist almost entirely of new material. The first part consists of Chap- 
ters I, II, ITT, and IV; the second part of Chapters V, VI, VII; the third part of 
Chapters VIII, and IX; and the fourth part of Chapters X, XI, and XII. 

Ihe present volume covers the various topics considered in some detail, 
most results being "best possible." Nevertheless for many of the topics treated 
theie aie several directions for further work in refining or developing these topics, 

I am yeiy much indebted to Professor J. D, Tamarkin for the painstaking 
manner in which he has examined and criticized this book. 


Massachusetts Institute oe Technology 
Cambuidge, Massachusetts 
June 24, 1939 


Norman Levinson 
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CHAPTER I 


ON THE CLOSURE OF I 

1. Introduction. Among the basic facts known about the sequence of func- 
tions - CO < 71 < 00, are 

1. - CO < 71 < CO, is closed over (-t, tt); that is, if f{x) eL(- 7 r, tt) 

then 


f f{x)e^^^dx = 0, 

J—TT 


— 00 < n < CX5, 


impli(\s that/(.r) is a null function. 

2. 1 o a func.tion /(;r) e L( — t, t) there belongs tlie Fourier series 


E a„ = E f f{x)e-^’^Ux. 

— OO Zir J—TT 


This sc'ries will under certain conditions converge to the function/(;r), and under 
othei conditions, although it may divei’ge, can nevertheless be summed to the 
function f(x). 

In (tie first lour eJiapters we shall generalize these properties of to 

sequence's } with various conditions on {X,,}. As is often the case these 
general riisulls will, among ollu'r things, lead us back t.o certain properties of 
expansions in jc'"''}. 

llu' closure of {c '‘ } can be related at once to theorems on anal^Tic func- 
tions. h or su[)i)ose that a sequence is not closed. This means that 

there is at least one function, f{x), not equivalent to zero such that for all X» 
of the sequence 


I f(x)e'^'‘^dx = 0 . 


Clearly 


F(w) = r f(,x)e*'” dx 

J~^T 

is an entire function and F(X„) = 0. Thus the study of closure amounts to the 
study of the zeros of certain- entire functions.^ 

Theorems on closure lead at once to gap theorems.^ For suppose a function 

1 This fact was first pointed out by Szdsz, Mathematische Annaien, vol. 77 (1916), p. 482. 

2 This was first pointed out by Paley and Wiener, Fourier Transforms in the Complex 
Domain, Anaerican Mathematical Society Colloquium Publications, vol. 19, 1934, Theo- 
rem XXXVI. 
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f(x) which vanishes over (tt — L, tt), L > 0, is expanded into a Fourier series, 
that is, 

—•00 

A gap condition asserts that certain a„ are zero; that is, ax„ = 0 for a sequence 
of integers {X„|. From the definition of a„ this implies that 


/ Tt—L 

f{x)e 

TT 


r^^dx = 0 . 


Thus we are back to the question of closure. In this way every theorem on 
closure will have as a corollary a gap theorem which will assert that if certain a„ 
in the Fourier series of f(x) are zero then fix) cannot vanish over an interval 
of length L (where L depends on the sequence of integers for which a„ vanishes) 
unless fix) vanishes identically. 

2. A closure theorem for X„ > 0. The sequence of functions {e"'""] is closed 
over ( — TT, tt) but is not closed over an interval of length 27r + a where a > 0. 
For let 

T, — (r + |a) < •'T < -(^ — 1^^); 

0, — (tt — la) < a’ < (t 

1, (tt — |a) < X < (tt + |a). 

Then /(a;) is not equivalent to zero. Let 

/ ir+o/2 
• T—alZ 

A simple calculation gives 


fix) 


ha), 


Fiw) 


w 


sm TTio sin fare. 


Since sin vn = 0, it follows that F(n) 

. vr+a/Z 

f{x)e'^’‘dx = 0 , 


L 


0, (— CO < n < co). That is 

— CO < n < CO . 


f—TT— a/2 


Since /(a;) is not equivalent to zero, it follows that is not closed over an 
interval exceeding 27r in length. On the other hand if any term of {e/”*}, 
( — 00 < n < 00 ) j is removed, the sequence ceases to be closed over the in- 
terval 2ir. 

We see therefore that {e"'*}, (- oo < n < oo), is closed over an interval of 
length 27 r and no greater one and that it ceases to be closed over ( — tt, tt) if 
any term is removed. Suppose we now delete about one-half of the sequence 
{e"”®}, (—00 <n< co), by considering the terms with positive n only. Then 
it seems likely that this sequence is closed over half as large an interval as 
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when n takes both positive and negative values, that is, over an interval of 
length TT, and not over a longer one. However this is not the case. Actually 
the sequence (e' "■’■}, {n > 0), is closed over any interval of length less than 2t(. 
This follows from the following results. 


Theorem I. Let A(w) he the number of Xn < u. Then the sequence 
(Xn > 0) is closed over an interval of length L if 

(2.01) limsup|r^(l+Arf„ 

K -00 [Jl U^l^ \u R/ Stt J 
A corollary of Theorem I is 


Theorem II. 
le^igth L if 


I he sequence {e '* }, (X„ > 0), is closed over an interval of 


(2-02) lini inf — > ~ . 

n — *00 Xji 27r 

In case X„ = n, it follows at once from (2.02) that {e’^}, (n > 0), is closed 
over any interval of length less than 27 r. 

Iheoiem I is, in case lim n/X„, (n exists, the best test to make for the 

closure of a sequence with X„ > 0. For example, it follows easily from (2.01) 
that {F'-"} with 

(2.03) X„ = n - ,, > i, 

is closed over the interval 2t. 

Tlieorem IT' is much weaker than Tlieorem I. Later it will be replaced by 
far shari)er resulls. We shall shoM^ that limit inferior in (2.02) can be replaced 
by limit superior (and even more) and the theorem remains true. 

Proof of Theorem I. Let us assume that Theorem I is not true. Then 
(2.01) is satisfied but (X„ > 0), is not closed over {-^L, ^L). Thus 

there exists a function /(a;), not equivalent to zero, such that 

(2-04) / f{x)e'‘^”''' dx — 0. 

J-L/2 

Let 

pLI2 

F(w) = / 

J-L/2 

Since < n < co), is closed over (-|A, ^L), F(w) cannot 

vanish at all points = 2'irnfL, (— oo <n< w), for this would imply that 

® lu 1931 P61ya set as a problem the proof of Theorem II with {e=^*^n®l, that is, with 
positive as well as negative X„ . Pblya, Jahresbericht cler Deutschen Mathematiker- 
Vei'einigung, vol. 40 (1931), Problem 108. Many solutions have been given. 
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is zero almost everywhere. Thus F(w) is an entire function not identically 
zero. By (2.04), F{\n '^) — 0 for all X,i of the sequence. 

If w = re''\ then 


f* 

|W")1 ^ \f{x)\ 

J-L/i 


r^.sin2e\ 


or 


(2.05) 


' /*Ll2 

I F(rF') 1 ^ J j j 


Let Wn = denote the zeros of F(w) in the right half-plane. Ap])lying 

Carleman’s theorem, Theorem B,'* to F(w), we have, if w — u iv, 

.2 (" - si) «» < s r I nmi-iv) I dv 

1 /• ’r/2 

+ ±- log I FiRF') \cosede -f- A 

ttK J-Tti 

where, in the ])roof of this theorem, we shall use A to represeiit any constant 
that depends only on f(x). Using (2.05), we have 

E ( — ^)cose.<^ /"(t 

»■„<« Vr„ IF/ 2tJi 

W2 


^ dv 


1 

-h 4 . ^LIF I sin 26 \ cos ddO A 

TtR J-Tr/i 


-nil 

j Ij rn-li 

< - - / sin 26 cos 0 dO -|- A 

TT Jo 

^ 2L/j; , . 

< -sv + 


Sima! w — are zeros of F{w) in the right lialf-pUuu! and llierefore form a, part 
of all the zeros, it follows that 


(xl'^ 


xf 

Rr 


^2LR , , 

< - - -1- /I. 

OTT 


If we replace R by R}^'^ in the above inequality, it becomc!s 

1 


(2.06) 


Vxf" 




R 


< + 4 . 


If A(ti) is the number of X„ < u, then (2.0G) can be written as 


1 __ w 
Jo Rj 


)dA(M) < - -h A. 

OTT 


See Appendix. 
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Integrating by parts, we obtain 



But this contradicts (2.01). Thus Theorem I is proved. 
Theorem II is a consequence of Theorem L 
Proof of Theorem II. Since 


(^2-02) lim inf n/Xn > L/2Tr, 

it follows that for large n and for some e > 0, 



^ ^ R"'" - lOLRl>\ 

O 

Thus as R — > « (2.01) is satisfied and therefore (2.02) implies (2.01). This 
completes the proof of Theorem II. 

3. A closure theorem for co <! X,i <! oo . In this section'^ we shall investi- 
gate the closure of ( — oo < Xn < oo), that is, with X„ taking on negative 

as well as positive values. We shall insist that our closure theorems shall 
include the well known fact that (— oo < n < oo)^ is closed over ( — t, tt). 

Since , {n > 0), is not closed over ( — tt, tt), we shall get a two-sided theorem 
(An taking on negative as well as positive values) that is not true for positive 
values of Xn only. 

Ocrtain refinements are necessary in the statement of the two-sided theorem 
which were not necessary in Theorem I. In part the reason for this is that the 
one-sided condition, (2.01), is not affected by the removal of any finite number 
of X» whereas in our simplest example of the two-sided cases, {e’”®}, 

® Cf. Levinson, On the closure of Duke Mathematical Journal, vol. 2 (1936), p. 51. 
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< n < 00 ), deleting a single term affects the closure. One of the nec('s- 
sary refinements is that of closure L^. 

A set is said to be closed L^( — r, r) ifj for any f{x) eL'’( — tt, tt), 

f fixy^^^dx = 0 

J— IT 

for all X„ implies that/(.'c) is zero almost everywhere. 

The basic and sharpest criterion is given by 

Theorem III. Let K{u) be the number of | X,, | ^ u. If 

(3.01) f — du > 2v — - — ~ log V — C 

u P 

for some constant C, then the set {e*'"”®}, (- oo < n < cc)^ is closed 17 (-t, tt), 
p ^ 1. 

A corollary of Theorem III is 
Theorem IV. If 

(3-02) |X.| S 1ji| + iiV + ?-~, -x<n<a, 

ih7' set if it is not closed, becomes closed in adjoining to it at ?nost any N 

terms e (1 ^ n ^ N). In particular, then, a sufficient condition for closure 
17 { — r, r), p ^ 1, is 

(3.03) I Xn I ^ 1 n I fi- , ” 00 < < 00 . 

It follows from (3.03) that the sequence (— co < n < is elosed 

L(-7r, tt). [Gondition (3.01) gives the even sharper result that, 

{—CO < n < oo), is clo.sed L{ — ir, t) if | X„ | ^ | vi [ + (log [ n I n I co 
for some 5 > 0,] 

That Theorem IV is best possible follows from Theorem V. 

Theorem V. If (3.02) is replaced by 

®-04) |X.| < |7i| + JJV + + 5 

2p 

where 5 > 0, there exist sets (e''"®} satisfying (3.04) which do not become closed 
when N terms are adjoined to them. Thus the inequality (3.02) is a best possible 
result. 

In connection with these theorems the following result is of interest. It 
holds with no restrictions on the {X„}. ■ 

® In the case of closure in IJi-ir, ir), Paloy and Wiener (loc. cit., chap. 6) proved that 
the set {1, becomes closed on adjoining at most N terms if 1 Xn - w | < |JV + i. 
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Theorem VL // the set {e “ } is dosed UX — r, tt), p ^ it remains dosed 
if we replace any \n hy some other number. 

We shall now prove these theorems. 

Proof of Theorem III. Let us suppose the theorem is not true. Then there 
exists an /(re) eZ/^( — tt, tt) and not equivalent to zero such that 

(3-05) H(w) = f f{x)d"^dx' 

J— .TT 

vanishes for w = X,i , ( — oo < n < oo). Since /(re) is not equivalent to zero, 
/T(w;) is not identically zero. 

Denote by niy) the number of zeros of H(w') not exceeding r in magnitude. 
Then by Jensen’s theorem, Theorem A, 

(3.06) ^ C I 

where A will be used throughout the remainder of this section to represent 
various constants depending only on /(rc) and (X„). By (3.05) 

(re") = 0(6"'"’” "'). 

Using this in (3.06), we have 


(3.07) 



du ^ 2r + A. 


From this it follows, since n(u) is an increasing function of u, that 


n 

fir 

(r) / 

du ^ 

n(u) 

du S 



J,. 

u ~ 

Jr U 


A u 

Thus n{r) < 

4r/log 

2 + 

A . Since { X^ 

i} form ; 

VII 

(U 

Thus 





(3.08) 



A(r) < 

4 

log 2 

r + A. 


Let us assume that no X„ is zero. (How to proceed if one of them is zero will 
be obvious.) Let 


(3.09) F(^) =n('l 

\ An/ 

That F(w) exists follows from (3.08). Since H{w) vanishes at , 

^(w) = H(w)/F{w) 

is an entire function. If ni(r) is the number of zeros of <j>{w) not exceeding r 
in magnitude, then clearly 

ni{r) = n{r) — A(r). 
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Thus 


Jl U Jl U Jl u 


Using (3.01) and (3.07); it follows that 


/: 


• du ^ i log r + A. 
u 'p 


Since {p — l)/p < 1 it is clear that %()■) = 0, or in other words that ^{w) 
had no zeros. By the Hadamard factorization tlieorein, Tlieorern D, it follows 
that H{w) = ae^'‘’F(w) and, in particular, that 

(3.10) \H{iv)\ = F^\aF(iv)\ 

where a, b, and c are constants. 

From (3.05), for any small e > 0, 


(3.11) 


1 H(w) 1 ^ + r ‘ ) e“"‘- |/(a:) | dx 

\J~r J_,r+e «/ 


Using Holder’s inequality, if p > 1, 




'L 






+ 

+ 


r 

e 


L 

L 


r ‘ i /(. t ) \’dx 

vxpl {]>-!) 


Up 


(p-D/p 


-vxplip-l) 


~]iv Dip r 


dx 


/_ |/C'n)|''da' 


’^dx 

i/p 


Dp 


Or 

1 Hiiv) I ^ 0 


(7r-e)|f| I y \-(.p-DIp , 


nv-t . -11/ p 

For any 5 we can choose an e so that 


Dp 


Thus 

(3.12) 


1 Hiiv) I ^ Ae"'”' I 


In ease p = 1, (3A2) follows directly from (3.11). Thus (3.12) holds for all 
p ^ 1. From (3.12) 
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[3 I 


log I H{w) I ^ TT 1 V 


p - 1 


log j y I + log (e + S) + ^. 


Since 5 can be chosen arbitrarily small, it follows that 

Hm (\Qg\H(w)\ ~7r\v\ + ?-Ili log = ~oo. 
Using (3.10), this gives 

(3.13) lim ("log i F(j,v) I + cy - TT I y I + log 1 y A = - oo 
On the other hand from the definition of F{w), (3.09), 

log 1 F{iv) I = ^ jf log (1 + v^/u^) dK{u). 
Integrating by parts twice gives 


log I Fiiv) 1 = I du r 

h {u^ + y2)2 


Jo (u^ + y 2)2 

Using (3.01), this becomes 

Setting u = | y | y gives 


My) 


dy. 


p — 1 
p 


log u — A] du 


) 


P - 1 

p 


log 1 F(iv) I ^ TT I y I - 'A ^ log \v\ I dy - A 


2y 

'o ( 1 + 2/^)2 


^ TT |y I — ? ^ log jy| — 

But this contradicts (3.13), and the theorem is proved. 

Proof of Theorem IV. We consider A(w) for ^^ > iV + ] . From (3.02), 


A(w) ^1+2 w - l-iV - ^ 

L 2p . 


w > iV + 1, 


r du ^ r ^ + 2[^ - |iV - (p - l)/2y] 


X. Thus 
du 


r u~w~ip- i)/2p 


2 f 21 : ^AL^du 

Jw. - 


2 r « - - (p - l)/2p - [« - l)/2pl - 

Jif+l ~ ~ ^ u 


du. 
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Since x — ; [x] — is periodic and has average value zero over each period, an 


integration by parts will show that the second term on the right in the above 
inequality is bounded as y oo . Thus 

f i 2 r A 

(3.14) 

> 2v — N logv ~ log V ~ A. 

V 

Now let us add N .terms 1' ^ n ^ N, to and denote the new set 

by . If ix{u) represents the number of | g u, then for large u, ijl(u) = 
A(u) -H N. Thus by (3.14) 

f du > 2v — ^ log V ~ A. 

> u p 

From Theorem III it follows that is closed L^i-ir, tt). This completes 

the proof. 

Before proving Theorem V we shall prove Theorem YI. 

Proof of Theorem Yl. Let {e’''""'') be closed and let the set consisting of 
n 9 ^ 0, together with a 9 ^ not be closed. Then there exists 
an f{x) 6 1 /( — Tr, tt) not equivalent to zero such that 

f f{x)P^^'^dx = 0 , 719^0, r f{x)P^^dx = 0 . 

J-Tf J-r 

Let us consider 

g<.x) = fix) + i(X, - a)e-'“ f fiy)e‘“,iy. 

J— 71* 

Clearly g(x) €l7( — ir, tt). Moreover, 

[ g(x)P^‘^dx = [ f(x)e'^‘^dx-i-t(Xo~a) f 

•'—r J—x J—x J~r 

or, integrating by parts 

(3-15) (\ix)e"“dx = 

•t-ir U ~ a J-X 

It follows at once from this, on setting w = X„ , that for any n 

f g(x)e*^”'‘dx ~ 0, 

J~ir 

But {<3*^"“^} is closed I/^( — t, tt), and therefore g(x) is equivalent to zero. But 
by (3.15) this means that 




I J A CLOSURE THEOREM FOR - co < X „ < oo n 

If we set u = 0, ±1, ±2, • . • , this implies that/(x) must also be equivalent to 
zero, contrary to our assumption. 

1 roof of Iheorem, V. First let us take the case when N is odd. We take 
\n = 71 + + 5 + (p — l)/2p, n > 0, 

= — X„ , n > 0, 

Xo = + 5 + (p - l)/2p. 

By Pheorem VI it of course does not matter where we take Xo (or any other 

Let us set i + 5 + (p - l)/2p = t. Then 'clearly 
cos -^xeL ( — TT, tt). Moreover, for n ^ 0, 

f cos''“' ^xdx = 2“"'+" f _j_ e"f^-^dx 

•'-’T J_,r 

= lim +rey‘-^dx. 

r— >1— 0 J—r 

Using the binomial theorem, we obtain 

/ T ^ 

008'^*“'^ Ixd-E = lim 2“^' ''^ /* dx 

TT )— > 1-0 k=0 j~r 


" S 0. Tli,i« CON''-'* i;c i„ ortliogoiial to 
e , n a 0. But the set {±(n + ()),(«£ ()), contains the set |X,| defined 
in (3.1()) and N additional terms. This proves Theorem V if V is odd. 

_ If N is even, we proceed similarly. Instead of using cos''“' h'. wo use 


. , .)j I • " •' — 2 ^’ WO use 

sm 2 ^’ cos ^x, where I = 5 -j- (p ~ \)/2p. In this case {1, ^ 


is orthogonal to sin \x cos"' ‘ 


CHAPTER II 


ON THE CLOSURE OF II 

4. A closure theorem involving Polya maximum density. Theorems I and II 
give information on the closure of (X„ >0). In ease 

(4.01) lim = R 

n— >00 Aft 

exists, Theorem I gives a sharp criterion. However if n/X„ does not approach 
a limit, this is no longer the case. From Theorems I and II it is clear that the 
denser the X„’s, that is, the bigger D is, the longer the interval over whicli 
will be closed. 

Let us consider a sequence which does not have a density in the above sense. 
Let {/x«} consist of all integers n > 0 such that 

10"= < 71 ^ 10" + 10""', /c ^ 

Thus Ifxn} consists of 11; 101, 102, • • • , 109, 110; 1001, • • • , 1100; and so on. 
Clearly the number of Hn ^ lO" is 

1 -h 10 + • . . + 10""^ = (10""' - l)/9. 

Thus 


lim inf — 

n— *oo Hn 


^ lim 

k—*ix) 


10 ""' - 1 

9"(I0"7"~ 


lim inf — g . 
n-*oo Hn 90 

Thus on the basis of Theorem II we might suspect that {e’'""*} is closed over 
an interval of length at most 2x790. Actually it will turn out that this is not 
the ca,se but that the set {/x,4 is closed over any interval of length less than 2t. 
That is, in some sense the elfective density, so far as closure is concerned, of the 
set {^,i} is the same as that of all the positive integers, and is therefore one. 
Actually the sequence {/i,,} does have a density one, in the intervals 1100 1 lOV 
(1000, 1100); . . . ; (lO", lO" + lO""'); . . . . ‘ That it is the density in such 
submtervals that determines closure properties is implied by the following 
theorem. 
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Theorem VII/ Let {Xn}, n > 0, he an increasing pasilive sequence and It. 
A(u) be the number of X„ < u. Letf 

(4.02) lim sup lim sup == /_). 

u-*oo u — 

Then {e*' j is closed over an interval of length L if 

(4.03) 2xZ> > L, 

for Lehesgue integrable functions. 

Iheorem VII as a closure theorem is very easily derived from the following 
theorem on entire functions. 

Theorem VIII. ^ Let f{z) be an entire function such that 

ao4) 

J-OO 1 

and 

(4.05) limaup'°Al/LTl s 

j — KM r 

Letni(r) be the 'number of zeros of f(z) ivhich lie rn the sector (| s | < r, | ain^; | ^ -^tt) 
and 7h(r) the number of zeros of f{z) in the sector (1 ^ ] < r, W < am 2 : < | 7 r). 
Then there ex'isis a number B ^ k/r such that 

(4.06) lim = B, lim "D = B. 

)•— *00 i J' — >00 V 

I he proof of Iheorem VIII will be given in Clia|)ter III as a corollary of a 
less restrictive theorem. Here we shall use 'I’heorem VIIJ lo give a proof of 
Theorem VII. 

Proof of Theorem VII. Suppose that a set Is not closed, d’lien there 

exists a function j 7 (:r), not equivalent to zero, such that 

/ m 

dx = 0, u > 0. 

■LI'l 

1 Levinson, On the closure of ((;»>'»*) and integral funcLums, Proooedings of the CmubridifO 
Pliilosophical Society, vol. 31 (1935), p. 335. 

2 D is the P61ya maximum density of the scnnicnee. Pdlya sliowa tluvt there exists a 
sequence {?•„) of ordinary density [(4.01) | D which contains jX,i) as a sulxsequenco Init that 
there is no se(iuence having an ordinary density loss than D which contains {X„). 

Polya also shows tiiat in (4.02) tiro use of lim sup a.s 4- I — 0 is uunecersBary since as 
4 — > 1 - 0 the limit itself exists. Pdlya, IhiUn'SHchungcnilhcr Lfickim mid BingularUUm 
von rolmzreihen, Mathematiselm Zeitschrift, vol. 28 (1929). 

Levinson, loc. cit., Theorem HI. For even 7(2) this theorem was proved by Wiener 
and Paley, On entire Juncliuns, .1 ransactious of tlu^ Am{U'iea.u Mathematical Society, vol, 
35 (1933), Theorem 1, p. 769. Miss Cartwright proved this theorem under a more restrictive 
hypothesis which she later showed was implied by the hypothesis given here. M. L, 
Cartwright, Proceedings of the London Mathematical Society, (2), vol. 38 (1936), p. 179; 
and Proceedings of the Cambridge Philosophical Society, vol. 34 (1935), pp. 347-360. ' 


ON THE CLOSURE OF n l^j 

Let 

/ LI2 

dx. 

Lit 

ilieii G{w) vanishes at w = x„ , (n > 0), but is not identically zero. By (4.07) 

/ Lit 

lsfe)l<i.T. 

Lit 

From this it is clear that log"*' | G{u) j is bounded. Thus G{:w) satisti(^s the 
requirements of Theorem VIIL If ni('r) is the number of zeros of in 
(I -w I < r, I am I ^ At), then 

Hm 2F) = jj. 

r-»oo T 

Therefore for any 0 < | < 1, 

(4.09) lim = B. 

r-»M ?• — 

But iX,i) are among the zeros ol G(w) iii the right half-])lano. Therefore 

ni{T) ~ ni(r^) ^ A(r) - A(ra), 0 < ^ < 1. 

Thus by (4.09) 


lim sup < jj 

r-»eo r — 

And therefore the Polya maximum density, D, of the set jX,.j satisfies 
(4.10) D S B. 

It follows from (4.08) that k S ^L. Since B ^ k/ir, 

B ^ 

27r 

111 (4.10) this gives 


2rD ^ A. 

This is contrary to the hypothesis of Theorem VII. Thus Theorem VII is 
proved. 

6. A related gap theorem. Let /(a;) e A( — x, x). Suppose that the Fourier 
series oi fix') is such that certain terms vanish. For example, let 

fix) ~ t, 

— CO 

1 hen/(a;) has period fx, and therefore iif{x) vanishes over an interval of length 
ITT it IS identically zero. That is, if only every third term differs from zero in 
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the J ourier expansion tov f(x), then f(x) cannot vanish over an interval of 
length fr without vanishing identically. 

This suggests the following gap relation. Let 

fix) ~ a« + i; 

1 

where {m„} is an increasing sequence of positive integers such that 


lim — = jD. 

n— *00 

Then, if f(x) vanishes over an interval exceeding 27 rZ) in length, it vanishes 
identically. 

Actually iii will turn out that there is nothing to be gained by having gaps 
throughout the whole series. It suffices to have gaps only in one half of the 
seiies, cither for n > 0 or for n < 0. Moreover n/m,, need not approach a 
limit. The gap theorem we shall prove here is 

iiiEOREM IX. Let f(x) eL( — T, tt) and have the Fow'ier series 

(5.01) fix) ^ + Z 

0 1 

where {m„} is an increasing sequence of positive integers. Let Miu) he the numher 
of nin < u, and le/ 

(5.02) d ~ lim inf lim inf , 

„_oo u — 

If fix) vanishes almost everywhere over an interval exceeding 2Td in length, it 
vanishes almost everywhere over ( — tt, tt). 

As an example, let us define {m„) as made up of those integers n which are 
such that 

(5.03) 10'^ + 10^“' ^ n S 10^+', /c ^ 1. 

That is, {m„} contains all integers between 11 and 100, between 110 and 1000, 
and so on. Clearly 


lim inf — = 
n-*oo mn 9 

Thus it should seem that fix) would have to vanish over an interval at least 
t(27r) in length in order that fix) be forced to vanish over the whole interval 

Levinson, loc. cit., Theorem II. Here the theorem was stated only for d = 0. 

5 d is the P61ya minimum density. As was the case with Pdlya maximum density, 
Pdlya shows that lim inf as $ l - 0 can be replaced by lim. 
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mi 


( — TT, tt). Actually, in apjilying; Tlu‘oroni IX, since them tnw no ///,, in the 
intervals (10^‘, 10^' + 1()^~*) it follows that 


M{u) ~ MiuO = 0 
for u = lO'^ + 10'^“' and 1 > ^ > H'. 


Therefore 


lim inf 


M(v) 

u 



d = 0. 


I 0 
I I 


< < I. 


Thus with {w,„} defined as in (5.03), /(;r) cannot vanish over any ininrval no 
matter how small without vanishing tilmost (werywheri' ov(‘r ( — tt, tt). Thai 
is, instead of it turns out that any quanlity grtaiter l.han zei'o will do. 

Proof of Theorem IX. Suppose that the hypotlu'sis of Tlu'orc'in l -X is sa tisfi('d 
and tliat/(.r) vanishes almost everywhere ov(ir an interval ‘Zird -)- 5, o > 0, in 
length. Since f(x) is periodic of period 27r anti eau l)e (translated withoult 
changing the modulus of the Fourier cotdlieients, w(i can assume that /(.r) 
vanishes over the interval (tt — 27rt/ — 8, tt). Iu'I. 1\„( l)e tlu^ s('t t)f posit iv(! 
integers complementary to {w„). That is, }X„1 + {va„} == {n\, )t > 0. Thus 

u ~ + 2 > A (a) - A('(/.^) + M(:u) - M(n^) > u - iif - 2, 

and therefore 

li— fOO l(f W—VDO 7/ ' — 

From this it follows at ojice that tlu^ maximum den.sity of {X,,} is 

1) = ;i ~ d. 

Since the terms do not appear in the Fourier sorites of /(a), it follows tha t 

[ f{x)e'^’‘%h = 0, n > 0. 

V— IT 

But /(.a) vanishes almost everywhere over (tt — 27 rd — 8, tt). Tims 

/ TT— 27r(i-ii 

= 0, n > (). 

•TT 

J ~ ^ ~ ~ d) - 8 == 2irD - (5. By ddietmun VIT, 

{P is closed over any interval of lengtli less than 2rD, Thus (5.04) implit‘s 
that /(a:) is equivalent to zero over (-tt, tt - 2rd - S). Idiis comphrtes the 
proof of Theorem IX. 

6. An extension of the closure theorem. Theorem VII states that if {X„} is a 
positive increasing sequence with P61ya maximum density D and if L < 27 rl), 
then 
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i‘L/2 

(6.01) = 0, 0 < n < CO, 

implies that/(x) is zero almost everywhere in (~^L, ^L). 

1 his result remains valid if instead of requiring that the integral in (6.01) 
be zero, we merely require that it be small. This is stated in precise terms in 
the following theorem. 

Iheorem X. // {An} is an increasing 'positive sequence with Polya maxi'mu'm 
density D, if, for some c > 0, X„+i - K ^ c, and if 

(6.02) 2'irD > L, 
then 

/ LI2 

= 0(6“*^"), 0 < n < 00, 

for some 8 > 0 implies thatf(x) is zero almost everywhere. 

Theorem X is an immediate consequence of the following theorem on entire 
functions. 

'^Oheorem XI.^ Let f(z) he an entire function satisfying (4.04) and (4.05). 
Let {X„} he an increasing positive sequence such that for some c > 0, X„+i — X„ ^ c, 
and let the Polya maximum density of {X„} he D. If 

(6.04) tD > k, 

and if, for some 8 > 0, 

(6.05) /(X„) = 0(c-*^»), > 0, 

thenf{z) = 0. 

The proof of Theorem XI will depend on Theorem VIII and will be given 
after the proof of Theorem VIII. We shall make use of Theorem XI at once 
to prove Theorem X. 

Proof of Theorem X. Let us assume that Theorem X is not true. Then 
there exists a sequence {Xnj and a function f{x) not equivalent to zero and 
satisfying the requirements of Theorem X. That is, 

/ m 

f{x)e‘^”dx = 

i/2 

Let 

® Of. Levinson, On the non-vanishing of certain functions, Proceedings of the National 
Academy of Sciences, vol. 22 (1936), p. 228, Theorem III. 

This theorem is referred to on page 229, Levinson, loc. cit. At about the same time 
an even more general result was given by Miss M. L. Cartwright, Proceedings of the London 
Mathematical Society, vol. 41 (1936), p. 33. 
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(6.07) 

Then if w = w -j- iv, 


/ i/2 
i/2 


dx. 


/ LI2 

\f(cc)\dx. 

L/2 

Thus F{w) satisfies the hypothesis of Theorem VIII and therefore part of the 
hypothesis of Theorem XL From (6.06), 

(6-09) ^ 0(e-*'"), w->co. 

Also from (6.08) 


By (6.02), iL < t2). 


lim sup — 1 I 

|ii)|— >00 I W I 


S\L = h. 


Thus 


(6.10) /c < rD. 

But (6.09) and (6.10), used in Theorem XI, shows that the entire function F(w) 
is zero. By (6.07) this means that/(a:) is equivalent to zero contrary to hypothe- 
sis. This completes the proof of Theorem X. 

As a theorem on closure, Theorem X can be used to deduce a gap theorem 
which is really a generalization of Theorem IX. 

Theorem XII. Let 

M ~ E aj"\ 

— CO 


Lei {Xn} he an increasing sequetice of positive integers of Polya maximutn density 1)' 

If 

«-x„ = n > 0, 

a7id if f{x) vanishes almost evei’ywhere over an interval exceeding 27r(l — Z)) vi 
length, then f{x) vanishes almost everywhere. 

Iheoiem IX^ is the special case of Theorem XII where (6.11) is I’eplaced by 

a„x„ = 0. ' ■ 

Pi oof of Jheorem XII. Since /(. t) is periodic, we can assume it vanishes 
almost everywhere over the interval (tt - 27r(l - D) - e, tt) for some e > 0. 
Clearly then 

1 2ir(l— i))— e 

^ jf_^ f(x)e'^^‘^ dx. 

But a_x„ = 0(6“^’'"). Thus 

n t—2r0-—O)~t 

(6-12) / /We“”*da; = 0(e-“"). 
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The length of the interval of integration in (6.12) is L = 2x1) - e. That is, 

L < 2x1). 

■^PplyiiiS iheorem X, it follows that /(.■?:) must vanish almost everywhere. 

7. Another type of theorem. There is another closure condition which, in 
the sense that it deals with an ordinary density (not a P61ya maximum or 
minimum density), is a generalization of a result of Chapter I. Actually, how- 
ever, the proof of the theorem places it here. 

Theorem XIII.® Let {Xn}, (n > 0), he an increasing 'positive sequence such 
that 


(7.01) lim i = D, 

n-+oo An 

and such that for some c > 0, X,h-i — X„ ^ c. Let 

(7.02) L < 2tD, 

and 6(u) he a monotone increasing function of u such that 


(7.03) 

/ — ttW = 00 , 

Jl U^ 

If 


(7.04) 

/ f(x)e'^''^dx = 0 ( 6 “"^^'*^) 

4-L/2 


then f(x) is zero almost everywhere, 


n > 0, 


If the integral in (7.04) vanished instead of being small, then Theorem XIII 
would be a corollary of Theorem II. liowever, actually, this theorem is very 
different from Theorem II. Theorem XIII is a consequence of the following 
theorem on entire functions. 


Theorem XIV.® Let f{z) he an entire function satisfying the requirements of 
Theorem VIII, (4.04) and (4.05). Let jXn} he an increasing positive sequence 


such that for some c > (' 

), X„+i — X„ ^ c, and 

(7.05) 

lim ^ = D. 

rt-*oo An 

Let 


(7.06) 

tD > k. 

If 



® Cf. Levinson, loc. cit.. Theorem 11. 

“ This theorem is referred to on page’ 229, Levinson, loc. cit., and is a little less restric- 
tive than a corresponding result of Miss Cartwright, loc. cit. 
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(7.07) /(X„) = 

where e(u) is a monotone increasing juncium of u such that 

(7.08) ri%>du=o., 

Jl ' 

then f(z) is zero. 

The proof of Theorem XIII follows from Theorem XIV in the same way as 
other theorems on closure in this chapter have followed from theorems on 
entire functions. 

From Theorem XIII there follows the next gap theorem; 

Theorem XV. Let 


f(x) ~ E a,e'" 


Let (X,.| he an inma-ning sequence of positive integers such that 

lim ~ = D. 

»— ►oo 

Let 

(7.09) = 0(6-"^^'*^), 

where 6(u) is monotone increasing and 

d{u) 


I 




du — 


If f(x) vanishes almost everywhere over an interval exceeding 2 'k{\ - Z)) in length, 
then f{x) is equivalent to zero. ' ’ 


This theorem follows from Theorem XIII in the way that Theorem XII 
follows from Theorem X. 

8. A theorem of Miss Cartwright. The gap theorems given above can lie 
put into more general form.^*’ 

If we let 


CO 

^ 1 ( 2 ) == J I <! 1, 

0 117 

where (7 .09) is satisfied, then heuristically, at least, 

fix) = lim [hire""') - hiref''")] 


Of, Miss Cartwright, loc. cit. 
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is the f{z) of Theorem XV. For /(re) to vanish over an interval of length ex- 
ceeding 27r(l — D) in length amounts to hi(z) = h^iz) over an arc of the unit 
circle exceeding 27r(l — D) in length. But under very general conditions, for 
hi{z) to be equal to hiz) over the arc on the unit circle means that there exists 
a function H ( 2 ) such that H (z) is analytic for | 0 j < 1 and \ z \ > 1 ; 

Hiz) = h(z), I 2 I < 1, H(z) = h(z), I 2 I > 1; 

and H{z) is analytic on the arc of the unit circle exceeding 2'7r(l — D) in length. 

The conclusion of Theorem XV that f(x) vanishes entirely means here that 
H(z) is analytic on the whole circumference of the unit circle. Combining this 
with the previous information on H ( 2 ) gives the result that H ( 2 ) is analytic on 
the whole plane including 00 . Thus H ( 2 ) is a constant. If account is taken 
of the series representation of hi(z), it follows that this constant must be zero. 
Thus H(z) is zero. 

This result is now given in precise terms. 

Theorem XVI. Let 

Hfe) = i: ui<i, 

0 

//(Z) = I: |2|>1. 

1 

Also let H{z) he analytic for (| 2 | = 1, j am 2 | ^0). Let {X„) be a sequence of 
integers such that 


Let 

( 8 . 01 ) 


lim ^ = D. 

n— >00 A71 


where 6(u) is monotone increasing and 

d(u) 


r 


du = 00 . 


Let 


(8.02) I H(re“) \ £ M{r - 1), i<r < 

where M{u) is a positive even function, decreasing for u > 0, and 

, 1/2 

(8.03) / log log MC-m) dw < 00 . 

Jo 

Then if 

(8.04) 0 > ir(l - D), 

H(z) is zero. 


m 
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Proof of Theorem XVI. Let. 

(8-05) 

27 ^^ Jc 

where C is the path shown in Fig. 1 . We can deform C into Ci . The two parts of 
Cl , consisting of circulai arc.s with 0 as center, have radii ri and ra , with ?’i 



the larger radius and ri — 1 _ i — . Then clearly by (8.02), for u > 0 

(8.05) with Cl in place of C gives 

log+ I F(u) I ^ log47rM(?’i - 1) + w log l/ra + log"^ ( 2 P ! 

\ Jr2 / 

Since H(z) is analytic along the real axis, there exists a constant A such tliat 
log-'" I F{u) I ^ log Min - 1) + 2u log 

'/’a 

Let ri - 1 = Then 


(8.06) log"’' \F(u) 1 ^ log M{t) + 2u log ----- -f A. 

We shall find it advantageous to take Ci narrower, that is, i smaller, as u gets 
larger. Since M{L) is decrea.sing for r> 0, 


log M(i) 
log 1/(1 -1)’ 


0 < i < I, 


is a decreasing function of I and is infinite when t is zero; it follows that there 
exists a Uo > 0 such that 


(8.07) 


log 1/(1 ~t) 


is uniquely solvable for t for u > Uq . This implies that, for small values, of t 
t is a function of m. ‘ ’ 

By (8.06) 


, • KW. i 




A THEOREAI OF MISS CARTWRIGHT 


(8.08) f du^ J |log M(t) + 2u log pi-)^ + 

“» “ *'uo [ 1 — ij uo 

iheie is no loss in generality in, assuming that M(£) is differentiable. Using 
(8.07) to replace u by t on the right side of (8.08) gives, if to corresponds to Uo , 

riogU|Mi,, 

Juo 

rh log ( 1 _ / ) MY'/Y ~ - log M(t) . 

g - / 3 log M(t) - At i _ 

''0 log2M(0 Uo 


(8.09) 


r iogM /'’M I,,.. ^ r‘" Jtf'd) log 1/(1 - t) /■'» dt , 


- / 
JO 


M'(f) log 1 /(1 - i) , A 
M(t) log M(t) 


Integrating by parts gives 

_ f M'(t) log 1/(1 - t) 


M{i) log M(0 


-log ^ ^ log log M(t) H- J dt. 


But as t — > “bO, 


log ^ log log M{t) < 2t log log M{t). 


Since log log M{t) is integrable, there must be a sequence of values of t — > 0 
such that for these values t log log M{t) 0. Thus (8.10) becomes 


^1/2 

<2 / log log M(0 df < 00 , 

Jo 


and (8.09) becomes 


riopwi^^ 

Ji 


< 00 . 


This result holds in the same way for u < 0. Thus 


r iogqf(„)| 

i. 1 + u* 


< 00 . 
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From (8.05), since C can be chosen so that, on C, i am 2 I > 0 - e for anv 
e > 0, it follows that 

1 F(u + iv) I S I Hiz) I 1 * |. 

And C can be chosen so that | 2 | is close enough to 1 in value along C that 

U 


Thus 

|F(w + w)\ ^ f . 

4 c I 2 

From this it follows that for some A 

log 1 F{w) I ^ (tt - 0 + 2e) 1 u) 1 + A. 

Or 

lim sup 1 I g X — e + 2e, 

|u)|-»oo lw;| 

Since e is arbitrary, 

(8-12) lim sup ^ X — 0 = /c 

|w|-»oo \W\ 

If w is a iiegatiye integer, the path of integration in (8.05) can be deformed 
into a circle ol radius greater than one. Then from the formula for the Laurent 
coefficients of H{z) it follows that 

i«-n| = |F(-7?.) I, n > 0. 

Thus by (8.01) 

(8.13) F(-X«) = 0(6""^"’^^). 

Since 7r(l ~ D) < Q it follows that 

/c = TT — 0 < ttD. 

^ This last result together with (8.11), (8.12), and (8.13) used in Theorem .XIV 
gives F(w) = 0. Thus a_„ = 0, (n > 0), and therefore H(z) = 0. 



CHAPTER III 

ZEROS OF ENTIRE FUNCTIONS OF EXPONENTIAL TYPE 

theorem. In this chapter we shall prove the theorems on entire 
cl, note, tI'"* ® obtMMiig the gap and closure theorems m the preceding 
chaple . these theorems on entire functions are of considerable interest in 

Ihemselyes. Roughly stated these theorems assert that if an entire function 
j[z) satisnes 


lim sup 
|2(-»00 


log 1/(2!) 


k, 


0 < A: < CO, 


and if fix) IS of less than exponential growth along the real axis, then f(z) is 

n Mr'' '"rfr especially interested in the 

fact that the zeros of fiz) have much in common with the zeros of sin kz. Thus 

m^t of the zeros of/(z) stay close to the real axis. The zeros in each half-plane, 
^ ^ density /c/tt which is, of course, the case with sin kz. 

that the zeros of fiz) must cluster about the real axis will always be a simple 
consequence of Carleman’s theorem. Theorem B. 

Our technique in proving these theorems will be to show that the theorems 
are true if they hold for functions fiz) having only real zeros. It is possible to 
give a real-variable proof for the case where /(s:) has real zeros. Howevm- here 
a mixture of real and complex variable methods will be used. 

In view of the importance of these theorems in themselves, wo shall prove 

our basic theorem under a more general hypothesis than that given in the last 
chapter. 

Ii-iEOEKM XVII. Let fiz) be an entire function such that 
(9d)l) lim f log\fix)fi-x)\~f 

K-»oo «'! 

0X7, sts and is finite. Let 


( 9 . 02 ) 

and 

( 9 . 03 ) 


lim suD 


sup 

x~*oo X 


lim sup 


^ 0 


^ k. 


Let the functioTi ni(r) he the number of zeros of fiz) less than r in modulus which lie 
m the right half -plane and n^ii') the number of zeros in the left half -plane. Then 
there exist^s 
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IIM] 


lim5iE) = 25, 


lim ^ = 


B ^ k/ir. 


First we shall use this theorem to prove Theorem VIII. Theorem VIII 
differs from Theorem XVII in that (9.01) and (9.02) are replaced in Theorem 
VIII by 


(9.06) 


riog+ 

JLco 1 


log-' \f(x) 


+ 


dx <. 00 


Proof of Theorem VIII. We shall show that (9.05) and (9.03) imply (9.01) 
and (9.02). Thus Theorem VIII will be made a corollary of Theorem XVII. 

First we shall prove that (9.03) and (9.05) imply (9.01). Applying Carle- 
man s theorem, Theorem B, to f{z) in the upper half-plane, and replacing the 
left side of (41.03) which is always positive by zero, it follows that 

= + L )(s ~ h) I 

+ ^ log IfiRd^) I sin -f- A, 

where A will be used to represent various constants depending only on f{z). 
Clearly 

-tiL + i I (is - Is) 

“ t (L + 1 ) I ^ s r I''® + 

Using (9.03) and (9.05) on the right, it follows that 

-I (L + /. ) I (? - ^ 

From this 

(L + i I (s - 

But for I ir I ^ -|J?, 


■ 1 . 

^ 722 2x^‘ 


Thus 
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4t 


a “l yR/2N 

+ / 

R/2 Ji j 


dx 


log l/C'c)|-V^^. 




Since R can be taken arbitrarily large, it follows that 


{L+ 1 ) 1 5 

Combining this result with (9.05) gives 
(9.06) 


< 00 . 


J-oo 1 + rc^ 


which obviously implies (9.01). 

™P'5' Increiising the right 

Side of (41.08) in Iheorem H, it follows that 

/*" log-*' \f (x) I 

r sin 5 T J- It x~ — "2rrc cos d -p ^ ^ 


+ 


1 ^iJiog l/C^) 1 1 , 

TT J-ii _ 2rxR^ cos 6 


+ — r log' \me‘*) I , ’■’I _ - 

^ Jo ' I _ Srfl cos 0 e'* + r* P 


Or, letting 7i! > 00 J 

log l/O’e*'^) I < 1 r log+ \f{x) I 


2r.T cos 0 -f 


(9.07) 


/ oo 
00 ¥ 

+ '“L™piJ,Togi/wiirf* 

+ l™_swp jf log '- |/(7ee’‘^) I sin d<f^. 
But since 1/71!''' < 2/(1 + a/) for | .r | < R, R > i, 

is / J 1 1 * < «“ »!> C ' ' 

by (9.06). By (9.0,3), 

2 

^ jf log '■ |/(77e''^) 1 sin 0 ^ 2A:. 

Thus (9.07) becomes 


< CO 


(9.08) 

But 


log lAre") I 1 /•” log-'- |/(a:) | 

TT i-oo X^ — 


r sm0 


2ra3 cos d + 


da: 4- A. 
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mil 


1%^ 

Jl X- 


~ 2rx (‘,o.s 6 ? 


.,,, fa < rwTwi , t.+r 

r- Jl {r -- x)’" Jrn 


< 


I 


»-/2 


log'*' l/(a;) 


rc" 


los;'; \M\ ^ ,1,, 

n {x — r cos 6')“ -f- siii'^ Q 


log*' l/(^) 

3 r /2 {X — rY 

log+ Ifix) 

j '/2 


+ /" 


dx 


j<i*+ r'^ 

Jr/Z SI 


sin^ d 


dx 


< 4 


I 




X^ sin," 0 Jr/Z x^ 

For any fixed (0 < i9 < tt), it follows that 

r f” log"*' l/Cr) j j ^ A f” log'*' l/(aO 1 , 
hmsup/ vr- 2iT = ‘‘i, -Hf-- * 

3’~>00 •'1 (jOh (/ I *^1 X 


+ i r I dx 

Jar/z X‘‘ 

I 


ar/Z X‘‘ 

iog+ \m 


A similar result holds for (— co^ — i). Thus (9.08) becomes 


lim sup 
»•— >00 


log I /(re'**) 1 
r| sin Q | 




for any fixed (0 < 0 < r). But this holds in the same way for 0 > 0 > — tt. 
Therefore for any 5 > 0, f{z)c^^' is bounded along the two radii 0 = zb e for 
a sufficiently small value of e. By Theorem C of Phragmen-Lindelof l,his im- 
plies that/(s)<:r^“ is bounded in the whole sector [ 0 | ^ e. Tims 


lim sup 

a ;— >00 


log 1 /( 3 :) 

X 


^ 0. 


Since 5 can be taken arbitrarily small, (9.02) holds for i)osi(iv(> x. In prcusisely 
the same way it holds for negative .t. 

This completes the proof that Theorem VIII is a corollary of ITieorem XVII. 
In proving Theorem X.VII the following lemma is required. As above we 
shall continue to use A to represent various constants dependin g on f{z). 

Lemma 9.1. Let the zeros of f{z) be Zn — ive’’**”. Then 

< 00 . 

1 r„ 


Proof of Lemma 9,1. Applying Caiicman’s theorem, Theorem B, to f(z) in 
the upper and lower half-planes and adding the result, we have 


I sin 0n 1 ^ 1 f “ / 1 

r^B Tn V i2V = TT Jl W 


_1 


1 log \f{x)f(-x) I dx 

H-ij log+l/(&")l|sm9l<M + 4. 


r, 
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Using (9.03) i(, follows that 

Using (9.01) this becomes 


29 


(9.09) E (l - §) S I 1°S I * + A. 

But integrating by parts we have 
~ ^ log |/(a;)/(-a.') I * = ^ log \f(x)f(-x) | ^ 


By (9.01) 


/ log !/(?/)/( -2/) 1 ^ 

Ji y- 


is bounded. Idierefore the integration by parts above gives 

~ log lf(x)f(-x) \dx ^ ^ + ^2 / < A. 


dius (9.09) becomes 


But this implies 


r„<« r„ V R^/ 


E li”Al (1 _ i) < 4. 

r„<fl/2 Tn 

Since R can be taken arbitrarily large above, it follows that 

eL!EA1 < 

1 r„ 


10. A related function with real zeros. By the Hadamard factorization 
theorem, Theorem D, 

/(a) = 

Clearly if Theorem XVII is proved for f(z)/hz”' it is also true for f(z). Thus 
we assume in the rest of this chapter that 
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Using i.lie notation = rne"'\ an auxiliary function F(z) liaving only real 
zeros is now introduced; 


( 10 . 02 ) 


Fiz) = e 


(1/2) (« (-«) 3 


II (l - 


(z COB fl„)/r„ 


We now prove a series of lemmas about F(z). 
Lemma 10.1. If 


y 10glF(±%)| 7 

lim sup --^E— ; — "•'-J = /c- 
2 /-*oo y 




then 

(10.03) 

and 


lim sup ^ /c, I sin 0 \ 

r— >00 T 


ki S k 


where k is defined in (9,03). 

Proof of Lemma 10.1. Since 

X cos Br, 


1 - 


r« 


< 


1 - 


xe 




Tn 


it follows that 


i F{x) 1 ^ l/(a:) |. 


,, log |F(±a:) I 
lim sup ' i-' ^ 0. 

a:— >00 X 


Thus by (9.02) 

(10.04) 

By (9.02) and (9.03) and by Theorem C' of Phragm(in-Tjindel6f 

(10.05) lim sup ^ /c| sin 0 |. 

T— >oo r 

If n{r) is the number of zeros of f{z) less than r in. modulus, it follows from 
Jensen’s theorem, Theorem A, and (10.06) that 

(10.06) lim sup i [ --- dr ^ ~ [ k\ sin 0\dd - ™. 

fi->oQ K Jo r Ztt Jo tt 

From the definition of F{z), 


log I F{iy) 1 ^ E log ^(l + 


dn{u). 




A RELATED FUNCTION WITH REAL ZEROS 


Integrating the right side by parts twice, we obtain 

Letting u = v\y\ this becomes 

log I Fijy) I ^ r 2v^dv r'^ 

\y\ ~ Jo (1 + y2)2 v\y\ Jq 

Letting | ?/ 1 co and using (10.06) it follows that 

log I F(dciy) \ 2k r 2 


(10.07) 


ki = lim sup 


That is, ki ^ k. 

From (10.02) for large | 2 j, 

log I I S I a |v + E flog ( 1 + 


dn(u) + 10 


Integrating by parts 


log I F(z) I ^ al r I + n{2r) + 


u u log 2 iu T ^ log 2 ^ 
From (10.06) it follows that for large u, 


u log 2 ‘ 

Thus there exists an A such that for large | s | (10,09) gives 

(10-10) log I F{z) I S Ar log r. 

Using (10.04), (10.08). and (10.10), and Theorem C' of Phragmto-]diidel8f 
gives 

lim sup ^ ^ ^ Jfcj I sin d | . 

r-*oo T 

This completes the proof of the lemma. 
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Lemma 10.2. There exists a constant C such that 


( 10 . 11 ) 


Um r log\F(x)F(.~x)\^ C. 

R~*oo Jo 


Proof of Lemma 10.2. According to the hypothesis of Theorem XVII there 
exists 


lim f“log|/(*)/(-x)|^. 

«-*oo Jl 


By (10.01) and (10.02) 


log ^ =Eiog 

F(x) -T 7V - * oos 


{ log l/(x)/(-x) I ^ log I F(x)F(-x) I ^ 

+ /”$Eilog I 

1 ? n - 2a:r„ cos + x cos I 


and the proof of the lemma hinges on the existence of 


/ li 1 00 

S 

■ H X 1 


rl — 2xrn cos O n + 

— 2.rr„ cos (9„ + cos^ d, 


But since each term in the sum above is positive, the limit as R ~> w vvill cer 
tainly exist if 


00 rtOO / 

J = '11 log ( - 2 - 
1 


?•» — 2 rnX cos d, 
— 2i\ X cos Bn + 


\ 

■ xf COS^ dn) 


Eeplace re by r„y/ | cos |, iinle.ss = Itt, in which case the integral of the 
logarithmic term can be computed directly and is obviously less than 10/r„ . 
Thus using J' and to .signify the omission of = Itt, we have 

j' = Yl' I I f log ( 1 ~ % 003 6n/\ COS dn | + ^VoOS^ dn\ cl't/ 

1 r„ X-oo \ I — 2y cos dn/\ COS 6n \ T 2/^ / 

= L r log f 1 + y' \ * 

1 rn J -00 \ 1 — 2y cos 0„/j cos dn I + 2/v * 


(10.12) J' < V' Lssilil r log L , \ dy 


But 
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+A.''«('+6NIA 

+ 2 f log (1 + 9 taii^ ~ 

♦' 3/2 nr 


Settling y | tan On | — x in the first integral on the right of the above inequality, 
and (// — 1) = I tan On | in the second integral on the right gives 

+ 8 1 tan On I ^ log dx 

+ 2 log (1 + 9 tan^ (9„) 

^ 200 I tan 0„ | + 2 log (1+9 tan^ On). 

But, lor II > 0, log (1 + a ) < w, as can be verified by differentiating ni — log 
(I + ;C). ddius log (1+9 tan- 0,,) ^ 3 | tan On | and therefore 

L f = 2'" I 0'^- 

Using i.his in (10.12) and recalling tliat tlie terms with 0,, = hir liave l)cen dis- 
cuss(ul, it follows that 

I Tn 

By lj(unnia 9.1 it lollows l.hat ./ < oo ^ and this completes the proof of this lemma. 

11. Lemmas on the related function. Wc liave shown that F{z) satisfies the 
iv.quirements of ddu'orcmi XVIL Now we shall prove ddieorem XVII for F{z). 

Lkmma 11.1.^ If ki is defined as in Lemma 10.1, then 

( 11 . 01 ) 

y 

Proof of Lemma IIJ. By Lemma 10.2, 


(11.02) 


lim r log I F(x)F(-x) + = C. 

K-»oo Jo 


Let the zeros of F{z) be denoted by {rcn}, instead of by rn/ cos On , where | Xn \ 
are increasing in magnitude. Then by (10.02) 

1 The results of this and the next lemma are clue to Paley and Wiener, loc. cit., chap. 6. 
They use Wiener’s general Tauberian theorem in their proof. 








34 


Z]<]ROS OF FUNCTIONS OF EXPONEN 4 MAL TYPI'] 


[III] 


/w-(-.) = n(i-S). 


Thus (11.02) becomes 


lim / ( E log 

«-»oo Jo \ I 


1 - 


Or 


1 - 


) dx 

X 


dx 


C. 


= C. 


11m E f log 

+00 1 •/q 

Replacing x by | .r„ | v, 

(11.03) lim E |-~| [ log 1 1 - I ^ = C. 

jR— *oo 1 [ I Jq V 

Let us now consider 

udu 1 ‘ 


I 


' (1 + u*)* ( 

Integrating by parts, this becomes 


r‘i M 2 |dy 

log 1 - y - 
Jo y^ 


i 


du 


2 Jo ^^2(l + id) 


log 




1 _ 

^ ¥ 


du 


u^-(l + u^) 
rtA 1 r°° 1 /•, 'i¥\ dw 

= ?;„-5(r+»r 

We deform the path of integration in the last integral so as to avoid U) ~ ±t by 
going around these points on semicircular paths of small radius, the semicircles 
both lying in the half-plane above the real axis. Then closing the path of inte- 
gration' in the upper half-plane the pole at u = i gives 

f” udu 1 1, 2 I dy cyx2Ti 1 , . l\ 

i (1 +«y ti I ^ ” I ^5 - T 2i(?) (^ + p) 

= --Iog(l + l). 

Setting t = \ xn \/y, 

r“ udu 
Jo 


1 ^"UZZ/kni 


dv 


Jo (1 + u-^y 

Adding the above equations, 

, ” 1 fuvllxnl 

( 11 . 06 ) i: f A, f iog|i 

Jo (1 + U^y I ! Jo 

Clearly since 




dv 


2y 


log I F(±%)|. 
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11 


J log I 1 - I ^ = 0 , 

Jo 

1“ 

[0((loga)/a) = 0(l/a^''^), a~^ w. 


“-0, 

Jo vr 


Thus 


^ r° 

/ 

nt=l Jft 


-UVl\Xn\ 


•udu 1 
Jo (1 + I aT, 

•A ( uiu 1 


1 - r,‘ 


si([ .^.-'-,0 


\Jo (1 + 1 Xn i ^Vl \J ^\Xn\/v (1 + | Xn \ ^KiuyY'''- ) ) 


/ log 1 

Jo . , 

r udu 1 n/l iKn 

L.\/v (1 + U^Y |7 ' 

()( V / r YSK / - i _ ^ f” u'‘^du] 

Jo (1 + ur (A„ liF' L 

<f,{iii.+,A}) 


'jXnl/v U 


I bus the order ol integration and summation can be inverted in (11.05) to 
give 

r udu f. 1 . ,,dv TT , IP,,.,, 

Jo (I + '<r)“ «=:.i l.r„| Jq ® 2y ' ' 

Letting y —> co and using (11.03), it follow.s that 


C 


{ 


u du 


lim I ^ 7±'%) I ^ 


(1 + w^)“ 2 y-*oa y 


or 


lim I°SU'X±%)I „ _ 

)/— >00 y TT 

But l)y the definition of hi as limit superior, it follows that ki — —C/r. This 
completes the proof of the lemma. 

IjEmma 11.2. If N{r) is tlw lolal number of zeros of F{z) less than r inniodulus, 
then 


(11.06) 

Also 


lim ^ 

7‘— >00 T TT 


1 

(11.07) lim i / I log 1 F{Re'') 1 -hR 1 sin 0 j 1 = 0. 

«-»oo R Jo 

Proof of Lemma 11.2. By Jensen’s theorem, Theorem A, 
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Thus by (10.03), 

(11.09) lim sup i f dr ^ ■— [ h | sin Q\dd = 

^--►00 li/ Jq T juTT Jq tt 

By (11.01) and 

log \F{iij) I = log h H- dN{r), 

it follows that 

Integrating by parts twice this becomes 

■■“v ,) 1 r'NM 


lim 2 


i 


,dr 


r 

2r^ y 


Since 


it follows that 


du = ki, 


I 


dr 


>0 (r^ + y^y 2 ’ 


r 2r%/ yJir'Niu). 2h 

/ /~ 2 I / “W — 

Jo (?^ + y^y [r Jo u TT 


lim 


0 . 


Thus for any small a > 0 

AA. 


lim sup 

JI-*ao 


(i: 


+ / f — 

•'i/ / {r^ + y^y \r Jq u TT 

+ lim inf J ^ f du 

?/-*oo jj/(l-a) O’" + ?/")" ir Jo u 


(11.10) 

. . f r" 2r' 

im ml / j 

?/-*oo JyO—a) (?■" -)- ?y") 

Replacing the variable r by yv, we obtain 

^ 0 , 


TT 


f_i r N(u: 

[vy Jq u 


where this last statement follows from (11.09). Using this in (11.10 

lim inf I dr [- f du - > Q, 

v-*oo JyO~a) [r^ + y^y O’ Jq u TT J ~ 

Since N(u) is positive and since 1/r is a decreasing function, 


lim inf r ^ f 

v-*oo Jva-co (r^ + y^y \y(l — a) Jo 


U % 
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Replacing the variable r by yv and observing that the terms in the braces are 
independent of r, 


lim inf 


L 

— a) Jq U TV } Ji-a ( 


y— ►oo 12/(1 — a) Jo u 


(1 + «2)2 


dv ^ 0. 


Since the integral in v is positive and independent of y, it follows that the limit 
inferior of the term in braces is positive. Therefore 


lim inf i f du a), 

u-*oo y Jo u T 


Since this holds for arbitrarily small a > 0, 


U-+O 0 y Jo u TT 


This result and (11.09) give 


( 11 . 11 ) 


lim — 

K-»oo Xt 


1 f"N(r)._2h 


Using this in (11.08), we have 


07. 1 ^2a- 

= lim / log I FiRc^’’) I do. 

TT ii-*oo ZttH Jq 

lim •' f {kji I sin 0 1 -- log j /'’(/^c'O 1 } dO = 0. 

It-* 00 jjTTJXi "O 


For any 8 > 0, 

1 r“’" 

(11.12) Urn {8li + kiR. [ shi 6>1 — log | F(Re‘’) \} d, 6 - 8. 

But by (10.03) for sufficiently large R 

8R, + kiR 1 sin 0\ — log | F(Rc '^) | > 0. 

Thus (11.12) can be written as 

(11.13) Inn I I SR + hR \ sin 0 1 - log ] FQiF’^) \\d0 == 8. 


I kiR I sin 6 \ — log | F{RF°) | | ^ 572 + | 5/^ + kiR \ sin 0 \ — log | F{RF^) 
Integrating the above and using (11.13), it follows that 

lim sup --- / I kiR 1 sin 0 | - log I F{Re^^) 1 1 < 25. 

n~*<x> ZttK Jq ' 

Since 5 can be taken arbitrarily small, this gives (11.07). 
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To get (11.06) we observe that (11.11) gives, for any a > 0, 

1 i> K (l+a) 

p J 

Ii~*oo XI «^0 

Subtracting (11.11) from this gives 


N(r) 2ki, 

dr = —(1 +cv). 

/ TT 


lim i / 

R-*oa It Jr 


Nir) 24, 


dr = — a. 
r T 


Since iV'(r) is an increasing function and l/r decreasing, it follows that 


lim sup 


1 NiR) ■ ^ 2/ci 


J2-+00 R jB( 1 d” q:) 


- f 

a) Jr 


dr ^ — a, 

IT 


or 


lim sup 

R—*oo 


NCR) 

R 


< 


TT 


(1 + a). 


Since a can be taken arbitrarily small, it follows that 


Similarly 


lim sup 

ft—* 00 


¥(R) 

R 


< 


2/ci 


TT 


lirn inf 

R— >00 


N(R) 

R 


2ki 

TT ’ 


tlius giving (11.06) and completing the proof of the lemma. 

12. Proof of the basic theorem. In the next lemma we prove Theorem XVII 
for F{z), that is, for functions with real zeros. 


Lemma 12.1. If iV’i(r) and Ns.{r) are the number of zeros of F{z) less than r in 
modulus in the right and left half-planes respectively , then 

(12.01) 

1 — mo r r~KX> r IT 

Proof of Lemma 12.1. By (11.07) 

1 -1 pit 12 j 

(12.02) lim — / log I F{RF^) \coBdde / hi j sin 0 1 cos e dQ = . 

R-»oo TTlt J-rjl TT J_b-/2 TT 

Caileman s theorem, 'Iheorem B^, (41.04), to F(z) in the right half- 
plane, we obtain 

r 6 - i) ^ iz I I ““ 

(? ~ Z) I ^OyW(-iy) I dy + 
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li we write the above equation for R(1 + a), a > 0, siibti’act the equations, 
and use (12.02), 


lim 

R-*oo 


{/. 


K(l+a) 


dNtir) 


I 


H(l-l-a) 




0 + a)' 

‘“2;U 

1 pR(l+a) 

~ RXTVaY Jo ' P'(w)P(-w) 1 dy 


W L ^ P'(.w)F(-w) 1 dy 


But by (11.01) log I F{iy)F{ — iy) | ~ 2/ci?/. Thus the right side of the above 
equation becomes ki log (1 + ci)/Tv. Therefore 

.«(!+«) ^ --Ra+a) ^ 

T Jo R%1 -T ocY 


lim ,( f 

R-*oo Mrt 


r,dm(r) 


Or 




{/« {r - W’+ “)V + /. - (i T^) 

+ ~ 1“ rdNi(r)\ = log (1 + a). 


From this, dividing by a, 


lim sup 

R—ko 


A f" 

Jo TT 


^ lim sup - 

/£-^oo OC 


n 


7 R‘^{1 -j- a)^ 




dNiir) 


+ 

+ 


1 - 2a 


(1 + aY 

log (1 + a) — o: 


r« r 

lim sup / --- dNiir) 

R-*ao Jo 


Replacing the terms on the right above by larger terms gives 


lim sup 

S-*co 


L 

R^ 


f rdNiir) ~ ^ lim sup 

Jo TT R-*oo a \R 


R 


\ fR0.+<x) 

y) I 


+ 


1 - 2a 


R^(l+ay 

1 I 1 r” 

lim sup •= / dNi(r) 

H—mo ill Jn 


(1 + c^y 


, h I log (1 + a) — a 


(12.03) 
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Since the zeros in the risht iialf-plane are contained among all file iiei'Os of 

m, 

lim sup i rn.ir) S lim sup ' m(r) = lim , 

?J— »«3 Ih Jr H— >00 a Jr R—^ao jti 

And by (11.06) this becomes 

2kia 


Also 


r 1 r 

hm sup - / dNi(r) ^ — - 

«->oo li Jr tt 

lim sup i f diYi(r) = lim sup ^ lim sup 

/J— >00 it Jo R— >00 it R— >00 


N(E) 2/ci 


/£— *00 Jtti vO 

Moreover for small a 
1 


R 


5 0 - - (1 + 




log (1 H- a) — a _ 


0(a). 


Using these results, (12.03) becomes 

2 r'‘ 


R^Jo Y 


lim sup 

R — >00 

But a can be chosen arbitrarily small. Thus 


h 


= 0(a). 


lim ~ f rdNi(r) = 

«->oo it Jo TT 


This can be written as 


Integrating by parts gives 

(12.04) RNdR) - 1‘ Niir) dr = 7? + o(l)^ . 

If 

(12.05) xh(x) - f h(u)du = x^q(x), 

Jo 

then we shall prove that 

(12-06) h(x) — xg(x) 4- [ o(u) du -|- Co 

where Co is a constant. For let 

h(x) = xg(x) + jf g(u) du + t(x). 
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From (12.05), h(x) - xg(x) is continuous and therefore t(x) is continuous. 
Putting h{x) into (12.05), we have 

g{u) du + xt{x) - / ug{u) 

Jo 

pX Att px 

” Jo Jo ~ Jo ~ 

Integrating I ugiu) du by parts the above equation becomes 

xt{x) — [ t{u) du — 0. 

Jo 

Smce t{x) is continuous, this equation implies that t(x) is differentiable. Hence 
differentiating, 

dx 

That is, i(x) is a constant. This proves (12.06). 

If we now apply (12.06) to (12.04) we get 

JVi(fi) = ^‘ fi + o(R). 

TT 

The same proof holds for iV’ 2 (r), and this completes the proof of the lemma. 

Proof of Theorem XVII. Since the zeros of Fiz) are r„/cos 6,, and are therefore 
larger in modulus than those of f{z), it follows that 


Thus by (12.01) 
(12.07) 


ni{r) ^ iVi(r). 




Let ns{r) be the number of zeros, , of /(z) less than r in modulus in the right 
half-plane for which | am z,i | ^ 5 where 5 is a small positive quantity. Since 
by Lemma 9.1 


sin 6n 

Tn 


< 00 , 


it follows that 

Integrating by parts 

( 12 . 08 ) 


/■ 

Jo 


dws(r) . ^ ^ 

— — sm 5 < GO . 


/• 


no{r) 


dr <. w. 
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fill] 


Since nz{r) is an increasing function of r, 



Using (12.08) this gives 

(12.09) lim = 0. 


Let us now consider the zeros Zn of f{z) in the right half-plane for which 
1 am 2 !„ I < 5. Then the number of these zeros less than r in modulus is ni{r) — 
W 3 (r). Since the zeros of Fiz) are in the form r,i/cos , it follows that 

ni(r) - nsCr) ^ 

\cos 0 / 

Thus 


lim sup 

r— >00 


nx{r) — nz{r) 
r 


^ lim sup 

r— fco 


Niir /cos 5) 
r 


By (12.01) and (12.09) this gives 

T ni{r) . h 

lim sup -Lla g . 

r -»00 r TT cos 5 

Since d can be taken arbitrarily close to zero, this inequality and (12.07) give 

r—^oQ V TT 

If we set ki/r — B and recall that ki ^ k, then 

r— *-00 T TT 


The same proof applies to n^ir), and this completes the proof of Theorem XVII, 
13. A related theorem. In this section we shall prove Theorem XL 
Proof of Theorem XI. As in the proof of Theorem XVII we introduce F{z) 
with real zeros. We recall that 1 i^(a:) j ^ \f(.x) \ and thus by (6.05) 

(13.01) FiXrd = 0(e"'^'‘). 

We also recall that 

(13.02) lim^^^ = J5^-. 

^-♦oo T TT 

Since the Polya maximum density of {X„| is D > k/ir, it follows that 1) > B. 
Let D — B = a. Then a > 0. 

From the definition of P61ya maximum density it follows that there exists a 
value of ^0 < 1, such that 
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[ 13 J 

lim sup ^ D - la. 

r~*oo T — 7’^0 

4 rom this it further follows that there exists a sequence of values {^ri > 0), 
such that ?’„j, — > 00 and. 

A(r„,) - A(jv^o) r^ T 

■ — ~ — ^ Lf ~ i a. 

ffn T-tn^o 

On the other hand, by (13.02) it follows that for sufficiently large m 

Niir„,) - N,{rm^o) ^ r. , 

^ ^ ^ 

ftn imqO 

In other words, the number of zeros of F(x) in the interval (r„,^o , I’m) is at most 

(-^ 4~ i<*)?‘m(l ~ ^o) + 2, 

whereas the number of {X„} in this interval is at least 

(D - - ^o) - 2. 

We recall that X„+i — X,. ^ c > 0. Associate with each X„ the interval (X„, — 
,sC, Xh -f" hc). I hese intervals are separated from each other. Since the number 
of X„ exceeds the number of zeros of F{z) in (r,„^o , r,,,) by at least 

(D — |:e:)r„i(l — ^o) — (B + ]:Q:)r,„(l — ^o) — 4 = — ^o) — 4, 

the number of intervals (X„ — yC, X,i + -yc) in (r,„^() , r„,) wlii(4i contain no zeros 
of F{z) is at least 

(13.03) - ^o) - 0. 

But since F{z) has only real zeros and since F{z) = ^(e'^'"'), it follows from a 
theorem of Ijagiierre^ that F'{x^ vanishes once and only once between suc- 
cessive zeros of F{x). We recall that F{x) is real valued. Thus between each 
adjacent pair of zeros ol F(x), \ F(x) | increases steadily from zero to its maximum 
value and then decreascis steadily IjO zero. Since each interval (X„ — yC, Xu -T 
Ic) which we are considering contains no zero of F{x), it now follows that in one 
of the two intervals (X„ , X,, + Jc) and (X,. - Jc, X„), | F{x) \ ^ | /'’(X„) j. Thus 

An+cIS 

(13-04) / log“ I Fix) \ dx ^ Ic log“ 1 F(X„) 1. 

•'X,,— o/8 

By (13.01), this gives 

^Xn+c/8 

(13.05) / log" I F{x) \ dx ^ — I cd\n -T A, 

•'X„-c/8 

where A is a constant independent of X„ . 


2 Titchmarsh, Theory of Functions, Oxford, 1932, p. 266. 
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By (13.03) there are at least — ^o) — 0 intervals in , r„i) where 

(13.05) holds. Moreover in (r,„^o , r,„), ^ r,4o . Thus 

/ log" 1 F{x) I dx ^ I mv.(l - ^o)(- I c5r,„a) + Ar,„ , 


or 


r log- 1 FW 1 $ s - A acJftd _ J„) + 


Letting m — > oo, 

OT_»oo “ •'r,„5o 

Since co , (13.06) implies that 


A. 

ir. 


(13.06) 


lim sup f log I F(x) 1 ™ < 0. 

•OT— >00 •'r.-fn X‘‘ 


(13.07) 


/ oo 

log" I F(a;) 


da; 


= — 00 , 


But I F(x) I ^ I /(.'c) I and (9.05) imply that 

log+ i F(x) ' 


(13.08) 


Ico 1 


+ 


dx < 00 . 


By Caiieman’s theorem used in exactly the same way as in getting (9.06), 
(13.08) implies that 


loo 1 


log"|i?’(a;) 


+ a;2 


da; > — 00 


if F{z) is not identically zero. But this contradicts (13.07). Thus F{z), and 
therefore also f{z), is identically zero. This completes tlie i)r()of of Theorem X 1 . 

14. Another related theorem. Proof of Theorem X IV. Tlie proof of Theorem 
XIV proceeds in much the same way as that of Theorem XL In Theorem XIV 
we also introduce F(z), and, since | F{x) ] ^ \f{x) ], 

(14.01) F{\f) = 


for a sequence of X,i having an ordinary density D. Also 


lim 

a’«-^oo 


N,{r) 



Since D > kf tt, D > B. Thus, as before, ii a = D - B then a > 0. Since 
X„ has an ordinary density D, 

lim 

) — >00 T 

Setting r = it follows that for sufficiently large m 



ANOTHER RELATED THEOE.EiM 


A(2’"+') - A(2”‘) 


^D-la. 


On tlie other hand, by (14.02) for sufficiently large 7 ii 

iV(2™+0-Ar(2"‘) ^ , 


^ B + la. 


Thus the number of zeros of F(x) in the interval (2”\ 2”"' ') is at most 

(B + ia)r^ + 2, 

whereas the number of {X„} in this interval is at least 

(D - |«)2”‘ - 2. 


As in §13 tliere must thertilore be at least •|q; 2’" — G intervals (X„ — ^c, X„ -1- 
■gc) in (2,2 ) which contain no zeros of F(x). T^lius, as before, by Laguerre’s 

theoiem loi each ol these intervals (X,, -Jc, Xn + ^r) (13.04) holds. 44iat is, 


log I F(x) I dx ^ |c log 1 ^’(X„) 1. 


By (14.01) this becomes 


(14.02) 


/ log” I F(x) \dx ^ - lc0{\n) + A . 
c/a 


Since in (2,2 ) there are at least -2a;2 — G > such int(u.'V!ils iuid 

since, in (2"', 2”" '), X„ ^ 2”‘, we have from (14.02) 


J,., log- O''0') Ua: S (-ia2’”)(- Jcf)(2”‘)) + „/12" 


S -m2”“‘9(2’”) + 


Brom this 


f log- I F(.r) I ~ . 

^ I ' ^ I ^2 - 228 2’'‘ 9,«> 


< _ ac 0(2’”) 
” 256 ■ 2”* ’ 


7n, — > 00 . 


Since 0{x) is monotone increasing, it follows that 

/”" log- 1 nx) 1 S - f dx 

X^ 1000 Jim-i ^-2 

lor large m. Adding the above inequalities and recalling that 




:: s{.. : 




iiSi 



48 


ON NON-HARMONKJ PCHlIill*]!} 


(IV 


Til other words, if (15.01) liolds, the iioii-liarmonie h'ourior series (15.02) con- 
verges ill exactly tlu^ samc^ way as iTie ordinary Foiirii'i- sc'ric's. 

Palcy and Wiener asked two (luestions aJioiit their (Tieoreni. First is i(. neces- 
sary that D < I/tt" in (15.01) and second is there a theorem if f(x) e />( — tt, tt)? 
The answer to the first question is that if f{x) e L“(- 7 r, tt) it siiffiet's for 1) < I, 
and this is a best possible result. The answer to the second question is that 
there is no general theory if f{x) 6L(-x, tt) but there is a general tlu'ory if 
f(x) eL^( — x, x), I < p ^ 2. These results are contained in the following 
theorems. 

Theorem XVIII. If {X,,} is a sequence mid D a constant such that 

(15.03) I X„ — I ^ D < — ~ 00 < 71 < 00 

2p ’ 

for some p, 1 < p ^ 2, then the set is closed 17 {-r, x) and possesses a 

unique hiorihogonal set {/i„(a;)) such that for aniy f{x) eI7\ — x, x) the series 

(15.04) E - X'- £j(()h.(Q dh 

converges uniformly to zero over any interval {-x -f- 8 ^ x S t - d) for any 
5 > 0. Moreover the differenice. of the weighted sums {Riesz, Ahel, and so on) of 
the non-harmonic and ordinary Fourier series also converges uniformly to zero over 
( — X 5 ^ X ^ X — S'). 

In other words, the convergence and summability properties of the serit's 
(15.04) are exactly tlie same for the ordinary Fourier series for f(x) ovei' 
— x<x<x. 


Theorem XIX. If (15.03) is replaced by 


(15.05) 


IXn 


n 


- 2p ’ 


then the residis of Theorem XVIII 7io longer hold. 


Combining these two theorems, it is clear that there exists no genei-al L lln'ory 
of non-harmonic Fourier series since as — > 1, D — ^ 0. 

The question as to whether the partial sums of the non-harmonic Fourier 
series of f(x), where f{x) €L^( — x, ir), converge in the pth mean to f(x) is still 
open. In the case of the result of Paley and Wiener, loc. cit., with I) < 1/x^ 
and /(a-) e L\-x, x), it was shown that the partial sums converged in the mean 
to fix) over (-tt, x). Naturally these results are of interest only at the end- 
points of the interval ( x, x) since in the interior the eqiii-convergence with 
the ordinary Fourier series assures such convergence in the mean. 'Thus for 
€ > 0 


Z T-e 


/W - E [ f(Qh„(0 d( 

— JV J—r 


P 

dx = 0. 


1 15 
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The problem ol convergence in the mean therefore reduces to showing that, 
as e — > T’O, 


-7r-|-e 


dx = o(l). 


lim sup ( f + [ ) I [ f(^)hn(0 

AT-foo \J—v 1 —N J-v 

In proving Theorem XVIII the following result is of basic importance. 
Theorem XX. Lei {X„} satisfy (15.03) and let 

(15.06) 




Then there exists an absolute constant A such that 

A 


(15.07) 
and 

(15.08) 
for c > 1 . 


[ \F(x)rdx< 

j_00 

J \F(x)\^dx < 


(p - 1 - 2pDy’ 

(p - 1 - 2pDy 


7\s we shall see, t(3 prove that Theorem XX is a best possible one is c|ihte 
simple. 

thirst we shall i)rove Theorem XX. It is convenient to use Ak > 0, k = 
0, 1, • • • , for absolute constants. 


Lemma 15,1. If F{x) is dejl'nvd as in Theoreni XX, then 


(15.09) 

iDherc 


r"" \F(x) \Ux ^ [ 


If a) I 


2pD 


V (2N 1- 


dx 


P(x) 


■pr /ctn -j- n — D — X — 2i\ 
Af\ n — D — X — 2i / 


and txn arc co7istants such that 0 ^ a,, ^ 1. 

Proof of Lemma 15.1 . Let N be some positive integer. If N < x < 2N it is 
clear from ] X» — n | ^ D that 


1 + 


n-'D 


(15.11) 


n-D 


1 ^ 


\n 


X— n 


- 1 


n + Z> 


Xn 


0 < n < 00, 

0 < n < JV, 
2N < n < 00 , 


Therefore, for N < x < 2N 
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li^WI sn l--^n 1 +-^ 

1 n ~ D n — I) \ 

oo %N 1 

•Hi- --I- n 1 + n , A 

u D n — D N 1 — ; 


1 — x/\n 


And since n ~ D ^ X,i forn > 0, it follows from this that 


i^wi s n 1 - 


(15.12) 


— A__ 1 -f. — 

n-D ^ n-D 


•n 1+ ^ ^ n A -* . 

2 Ar+i n -{■ D n — D n n ~ D — x 


Let us recall the following well-known properties of the gamma function: 
(15.13) r(a: + 1) = a;r(a:), 


(15.14) 

(15.15) 

Using (15.13) 

M 

n 

(15.16) ^ 


r(a;)r(l - x) = - . 

sm TTX ■ 


r(a: -h 1) (2Trf‘'x^-^^'^e-^. 


_A_ 1 + 

n ~ a n ~ 0 


±i r ® + L“ 1+ 

't(K - a - a:)r(/C - h Tx)rTM +”l - a)T(M + 1 ~ b) 
Let K = 2N -t-1, a = —D, h — D and ikf — > w. 3?hen 


n 1 + ^ 

2 jv-i-i n D n — D 

r. 17 ) _ r(2iV -j- 1 -h D)V{2N + 1 - D) 

r(2iV + 1 -h D - x)T(2N + 1 - D + x) 

lira ^ ±A^- -i-l-D + x) 

f (M + 1 ^~i))viMTT- 

Using (15.15), we have 

lira ^'(ilL -1- 1 -f- — x)TiM -j- 1 — D -{• x) 

T{M -h 1 -f D)V(M -i- 1 Z -ZT)-" I 

_ (fM+D- a; (M-T)- - D + xY 


= lim 

M-*<a Z M -}- D 


lim <( 1 


M + D 


Y’"”'"'' (M-D- xy-^+‘'YAf -D + x\\ 
/ \ M-D"/ \M + D-x)j 

r{'-wh,yi 


= e~* 0 * = 1 . 
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f 15 


Thus (15.17) becomes 


II 

2A'+l 


1 


n + D 


1 + 


n — i) 


r(2iV' + 1 + D)T(2N + 1 - D) 


r(2iV' + 1 + 7) - .^•)^(2iV' +1 ~D + x) 
Sotting = 1, M = 2N, and a — b = D in (15.16) gives 


‘iN 

11 


1 


n-D 


1 + 


n - D 

_ 1 r'(l - D)T{2N + 1- D - x)r(2N -hi ~ D + x) 


1^^ ^ ^ _:'^)r2(2ArT|_ i _ Dj 


B,y (15.14) tliis becomes 


‘2N 

n 


n-D 


1 + 


n — D 


r'(l - D) sinTrCr + D)T(x + D)r(2iY + 1 - i) - a;)r(2A^ i - D -h x) 

* Tr(l - 1T+ x)T^i2N + 1 - D) ’ " 

Using this and (15.18), (15.12) becomes 

r'(l - D) sin rix + D) ^ r(a; + D) \ fTi2N + 1+ D)\ 


1 1 


(15.19) 


,)( 


r(rr - 2) +1)/ \xW+T- D) J 


(T^N+_1 -D - x)\fr 
\r(2A^ Ij_ i _jl ^ ^ 


\n X 

n — D ~ X 


(31- N < X < 2N. 

B.y (15.15) for large M and fixed a and h 

I'CM + a) ^ „ ,-.fM - 1 + 
ViM+T>) ^ 


< 5e‘-( 1 + 


,M - 1 + b/ 
a — h 


(ihT — 1 T" a) 

M—l+b 


a—b 


M - 1-hh, 


M 


a—h 




10M““\ 


Using tins on each of the terms in parenthesis on the right of (15.19), and 
recalling that N < x < 2N, gives 

(16.20) I Fix) 1 S n 

When |n — D — a;|<|we have 


Xyi X 


n — D — X 


(15.21) 


Xn X 

n — D — X 


sin r(x + JO) 1 ^ T. 
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When ^ ^ I n — D — x\ I.he inequality 


1 -I- t ^ 


[I VI 


« < Z < 00 J 


gives 

(15.22) 

Clearly 


X71 X 


in -D -X 


11 n-\-D Xji — n D 

= 1 g exp 


n ~ D — X 


4D 


(n — D ~ xj(n ~ D ~ X — 2^) 
Since | Xn — n + Z) | ^ 2D, 


< 


n- D -x ■ 


47) 


(n~D~ £)^‘ 


4D 


(n ~ D — xy 


(Xn — n -\~ D)2i 




(n — D — x)in — D ~ X ~ 2i) | 

Xn — n 7) __ Xn — n + D 
n ~ D ~ X n ~ D — X — 2i 

Xn n "f" 7) Xn — n “f~ 7) 


n - D - X n ~ D — X — 2i 


Or 


Xn — n D 


4D 


+ 9? 


Xn — n -\~ D 


n~D ~x ~ {n- D - xy ' n - D ^ x - 27' 
Using this in (15.22), 


Xn — X 


n — D — X 


< 


exp 


/ Xn n -y D 
\n - D ~ X - 


+ 


47) 


27 [n — D 




for I ^ 1 w — 7) — a: |. Combining this with (16.21), 


n 


Xn — X 

n ~ D — X 


sin ir(x + 7)) I 


= TT 


exp 


f^Xn — n + D 1 \ 

\v ji - a - s - 2i ? (» -i-)» + ^^7 


<C .4-2 


2Ar 


exp Z 


If we set 




Xn — W “h 7) 

AT n ~ D ~ X — 2i 

Xn — W. -j- 7) 


27) 


then clearly 0 ^ ^ 1 and the above inequality becomes 


2N 


(16.23) n 


n-D -X 


2lf 


I sin t(x H- 7)) I < 4.2 n 


exp 


OCn 


n ~ D ~ X — 2i 
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15 


B'roni ih(! power series expansion for 

(*''5-24) \(f \ s I 1 -1- 2 I 4- I 2 j“, \z\ 

But for i 2 I ^ I, 1 1 + 2 I ^ Thus 

[1 + 2 I + |l+2l(l + 2|2 I^), 

and (15.24) becomes 


1 1 ^ I 1 + 2 1 (1 + 2 I 2 I'), \z\Sh 

Using this in (15.23) gives 


Qlj j 

1 sin 7 r(r + D)\ A. fl oin n - D - x - 2i 

^ ■ 

1 i 
b 

1 

If n — D ~ X — 2-l 


This inequality in (15.20) gives 


^-1-1-40 ‘iN 

(15.25) 


an -\-n — D — X — 2i 
n — D — X — 2i 


for N < X < 2N. Taking the pth power and integrating, we have (15.09). 
This completes the proof of this lemma. 

4'here is no simple majoraut for Fix) that is sufficiently close to Fix) in 
magnitude to give a satisfactory appraisal of its size. The reason for this is 
that, depending on the {X,i}, Fix) can be large at .some places but if so must 
comiiensate by being small in other places. Thus a satisfactory majorant in- 
volves {X,.} or .something depending on {X„} such as («„}. The relation (15.25) 
gives such a majorant. 


Lemma 15.2. Lei 


(15.26) 


S{x) = 


(rc — tto + ih) • 
ix — ai -f- i5) • . 


• ix — a 2 fc 
ix - a2k+i -F ib) 


where 0 ^ Ui < ag < • • • < S 1 and 5^0. // 0 ^ f < 1, then 

(15.27) f lf(x)i^dx ^ - -5- 

•>0 i — c 

This inequality is of .some interest in itself and will be investigated more 
closely at the end of the chapter. 

Proof of Lemma 15.2. Let 

HU) = i 

(2 — ttl) • . . (Z - Gik+l) 

Using the partial fraction expansion for //(z), 
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UVl 


It is clear tha4 tlie sum of tlio c’s is one. Sin(;o tlio «’h form an increasing 
sequence, it is easily seen tliat cj > 0, C;, > 0, .... If wci sc^t 2 = ;r + iy, 


rai{z) 


CiV 


4 " • • • + 


(x ~ aiY 4 
Thus ^ 0 for 2 /^ 0 , and therefore 

1 am H{z) j g Att, 

This result and mi\z) = [ H(z) |' cos {t am H{z)) give 

iHwr ^ 

cos |7ri 

But cos ^t/. = sin i7r(I - /,) > 1 - t. Thus 

mi\z) 


^2k+l y 

(x ~ 


y ^ 0. 


(15.28) 


\mz)\^ 


1 ~1 ‘ 


Since H{z) has no zeros or poles in y > 0, H\z) is analytic for y > () and its 
integral around any closed contour in that region is zero. Thus for any fixed e 
1 > e > 0, ' ’ 

E\x + ie) dx + if' H‘(2 4 iy) dy 

[ 4" i) dx if — 1 -|- iy) dy = 0. 

•'—1 Jf 


Or 


(15.29) 


A -1 

j_Jl\x + u)dx ^ f \H{2 + iy)\Uy 

■i- f I F(- 1 -h iy) \^dy 4- I H{x + i) 

Since the c s are all positive and their sum is 1, it follows from the partial fraction 
expansion of H(z) that 


(16.30) 

Using this in (15.29), 


I Hiz) I 


< 


1 




U 


H\x 4* ie) dx 


g 1 + 1 + 3 = 5. 


Thus 


j ^ diW{x 4- ?e) dx ^ 6. 


Using this in (15,28) 



(15.31) 


PROOF OF THE MAIN THEOREM 

/’2 e 


J 1 H(x + w) dx ^ 


5 

1 - t' 


for any e > 0, 0 < e < 1. If € ^ 1, (15.31) is trivial by (15.30). If e = 0, 
(15.31) holds since it holds for all e > 0. Thus (15.31) is true for all e ^ 0 
and (15.27) follows immediately. 

Proof of Theorem XX. Clearly 

(15 32) r ^ - . d. < 10 r" 

^ L (2N+1~ xY^^ = L-i \2N-\-l-x- 
If we recall the definition of P{x) and set 


(c — iV + 1 
iV' + 2 


- drr 

2]V + 1 - rc - 2i 


Jo 


iy — (h + ih) . 

“ iy — (hk + ih) ‘ 

{y - ai + ih) • • 

• (y — ask+i + ihj 


where 0 ^ tti < a 2 < • • • < asic+i ^ 1 and where 5 = 2/ (iV + 2) . By Lemma 
15.2 it follows that 

f"" _20 

4-1 1 2jV -j- 1 - a: - 2il»“ = i - 2pD 

Using this with (15.32) and (15.09), 


I^2N a i^-(p-l-2pD) 

If we set N == 2’", 2"‘ ' \ ■ • • and add, we have 

rco j n—vi(p—l—2pD) -i 




ax ^ ^f ZT2pD)(l ~ 2 -^-i-^ph)) = (p - 1 - 2pDY' 


Theorem XX follows immediately. 

16. Proof of the main theorem. We shall first prove several lemmas con- 
cerning 


(16.01) 

where 

(16.02) 


-(,-wn(.-j)(.-£) 


1 Xn — n 1 ^ D < 


p-l 


We shall continue to use A* as absolute positive constants. 


mmm. 
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Lemma 16.1. 

If w = u iv, then 

(16.03) 

1 G{w) 1 < 4.(1 w 1 + 

(16.04) 

1 (?(w) 1 > ilT i » 1 (1 K) 1 + 

(16.05) 

1 ec + iv) 1 > yis . 


Proof of Lemma 16.1. Let am it; = d. If u ^ 0, \ tv \ ^ | and if N is deter- 
mined by 

iV — f ^ ! ly 1 sec 0 < JV 4- ^ , 

then 


I w/\n 1 < COS <?, n > N. 

Also, since u ^ 0, w/\n lies in the right l\alf-plane. In the accomjjaiiying 
diagram, Fig. 2, P represents w/X„ and OD = cos 0. Clearly moving P closer 



to D shortens the line from 1 to P. Thus 


1 - -- 

> 

ll- 



1 n~ D 


Similarly 

r" > cos 6, 

An 

and therefore 


Since u ^ 0, 


i-H 


. w 

An 



1 _ 


1 + 

X_n 




n > N. 


0 < 71 < Nf 


0 <n <N. 


n > 0, 
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I 10 I 
Clearly 

Therefore 


w 

Xu 


> 


[ Xjv -• “ly I 
N + D ■ 


I (?(«.) I a 


1 - 


1 + 


w 


n TD 


w 


N + D 


1 4" 


n 

A^+l 


w 


n + D 


w 

n — D 


I + 


w 


n -\- b 


tJbiiig the ganinia fiiiiction in the same waj'^' as in Lemma 15.1, we have 




sin Trii.u — D) 


r(^; - D) r(N +!+£> - wMN + 1 - D) 
T(w + 1 + z))r(Ar + 1 b - w)T(N + T-f b) 

^ A, I r(w - £))r(Ar + 1 + D - w) 


T(w + 1 + x>)r(F +i-b -w) 


' 1 +1 W - F I 

Tut, for .r ^ 0, using Stirling’s formula, (41.07), and taking the real ]:)art, 
(16.07) log I r(a; + iy) j = (x — §) log | x + iy \ — y ta,ir’ y/x + 0(1) 
as I X -1- iy | — > co , For .r ^ 0 and 2 > a > 0, 


y tan ^ ^ — y t.an ^ - - A_ 
X a- + a 


y tan' 


cYy 


x(:c -]-«) + y'^ 


< 


y tan’ 


-1 a 


< 10. 


Thus using (16.07) in (16.06), and recalling that | w; 1 < (A^ + ‘ ) cos 0, 

I Xat — «? I c’’’'"' 


(16.08) 


1 (r{w) 1 ^ ylio 


iV2o [ |2h(i ^73 iv j) 1-2" 


^ Au t:; 


1 X^ - w; I e"'”' 


(l-|-l'a;-iV|)(l + lF|)^"- 


Since is of the same form as G{w), the results hold for all values of u 

and for | w; | ^ J . By precisely the same argument witli ] w | < | and therefore 
witli N now zero, it is clear that the result is true for all iv. Inequality (16.04) 
is an immediate consequence of (16.08), and (16.05) is also an immediate con- 
sequence of (16.08). The proof of (16.03) proceeds in very much the same 
way as the proof of (16.08). 


Lemma 16.2. The functions {hn(x)} defined by 

G{u) 


(16.09) 


H:.;) =lim A r — 


du 
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IIV] 


form a sequence biorthogonal to over (— tt, x), and 


hn(x) — tt), c == 


V ~v 


The limit in the mean in (16.09) is of the qth order. 
Proof of Lemma 16.2. By Theorem XX 

G(u) 


u-Xh 


€ L^(~ 00, oo). 


of functions in L”. /,„(*) .Idinod ns 
111 (16.09) exists and belongs to L^(~oo, oo) n = r,/(r) — 'll 
By (16.03) ^ hi PfVP IR 


Q{vf) 


(w - X„)G^'(X;) 


< 


(1 + |wi|)^-'‘^|(?'(Xj|- 


Since D < (p - i)/2p and p S 2, D < I Thus if 1 - 47) = 5, 5 > 0 and 


G(w) 


(w> - K)G'(K) ~ ^ 

as hi) I CO. Thus for .r < -x and y ^ 0, 


jtIwIv 

w Iv 


Therefore 


G{w)e ^ /g-(Ul-^)A 

(» - x.le'(x„) ~ I Mi-) = ("W ) ■ 


Ux) = limh [ _ 

A-.^2TJc(w~K)G'(\r,) 


a: 1 > T. 


1 limit exists, where C is the closed contour formed by the line (-4 s 
u A) and the semi-circular arc (| iii | = d, 0 g am w; ^ x). But the integral 
of an analytic function around a closed contour is zero. Thus h (r) = 0 
X < -TT. A similar result holds if a; > x, giving 

hnix) = 0, 

Again using the transform theorem, Theorem G, 

G(,u) 

~ L^h)e"^dx. 

From this and the (act that (?(X„) = 0 for all m it follows that 

rhMe‘^’dx = A’^^^’ 

U,W=7l. 

Ihus {/in(>'^^)} form a biorthogonal sequence to 

We can now prove Theorem XVIII. 
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Proof of Theorem XVIII. Let C denote a reotansnlar path in the complex f 
plane with vertices at (N + ^ + iM, ~N - + iM ~N - ^ - iM 

f + ^ -;f)- < 1, audlcWW = 0, I. I The 

function 6(w) is defined as in (IG.Ol). 

Using residues and Lemma 16.2, 






C (?(f)(w ~ r) 




(16.10) 


= l-i-m. A foMe-''" 

-1— >00 ^TT w— A V ^ 




^ 0'(kn)(u — X„) G(u) 


0 






1 r "+1/2 

E - A I o' 

—A'’ /TT 


iulx—y) 


du 


= E A.fe)e"-' - aja W + l )(x - y) 

-jv 7r(a; - y) 

If/(.r) — tt), then by (16.10) 


(16.11) 


E'^'""'/ MhMdy- ^ f'/fe)™ ^A ±i)y -_p 

TT A-ff ^ — y 

== 4?i / ':L“- C I G 




Gfrjlw)*- 


We want to sliow that the right side of equation (16.11) tends to zero as X 
<» . Let 


(16.12) 


hix) = f f(y)dy llm. f G{u)e du 

*'•“ ^ ^ OQ V— /t 


JV+l/2 


pJV-t- 

J—N— 


Ux—Mx 


-1/2 U(i +lM)'(w 'UkO 

Tills is the absolute value of tliat part of the right side of (16.11) for which f 
varies over the upper horizontal side of the rectangle C. By (16.03) 

G(u) = 0(1 u T). 

Since 4D < 1 it follows that 


(16.13) 
Using 

(16.14) 


G(u) , 

(^+-i)2'A(-oo, co). 


+ 




u ^ ^ - m ■ u - iM (u ~ iM)(u ~ ^ - iM) 
in (16.12), we obtain 
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/ Jiy) dy l.i.iii. / - — -- VVT- du / aT/t r- 

•I-ir .<->oo J~.\ U — 'iM j-_Ar— 1/2 G(^ -j- 7,M) 


1 1 VI 




N-HH 






N~Mi (r(^ 4- iM) (u — ^ — 7M) 




By (16.13) the second term on the right above is absolutely integnible. 

Let g(u)/(2rf‘^ be the Fourier transform of f{y). Since /(?/) e l/ and since 


J-A u ~ iM 


du 


converges in the qih mean by Theorem G, where (Z = p/(p — 1), we can invert 
the order of integration in the following integral giving 


[ /(?/) dy l.i.m. f 

V— TT 4. CO •/— A 


(t(w)c' 


u — iM 


du 


J—OO U ZM J—TT J-OO 'll 'lA[ 


du. 


(16.15) now becomes 
G{u)g{u) 


Ux) = 


/ 

J— 00 


u — iM 


rtJV+l/2 

J-Ar-1/2 G(^ A- iM) 

G(u)g(u) /•Jv-R /2 


Ar^duT 

J—oo U ZAd X-2V'— 




A/a l-tfx 


1/2 G(^ A iM) (u — ^ — iAI) 


d^ 


where we have also inverted the order of integration in the second t/a-m on the 
right of (16.15), Or, using (16.14), 


(16.16) lAx) = 


j G{u)g{u) du J 


JV+l/2 


-Afa-|-i{a 


Ar- 1/2 Gi^ A iM){u — I — iM) 


d^ 


(All we have done in going from (16.12) to (16.10) is justify an inwa’sion of 
order of integration.) 

Clearly for M > I and [ ^ [ < 2N, 


G{u) 


w — ^ ~ iM 


< AuN 


G{u) 

u — Xo 


Thus (16.10) becomes 

/ A/’*K/2 ju /1 00 I 

, f 

Ar-l/2 j G{^ + iM) I Loo I 


G(u)g(u ) 
u — Xo 


du. 


Using Holder’s inequality, 


i: 


G{u)g{u) 
w — Xo 


du ^ 


G{u) 
Coo 1 {u — Xo) 


du 


Up 


" /•“ "li/? 

/ \g{u)\'’du 

^ V— QO 


I Hi I 
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1 hcor(>iu XX and Theorem (,} on Fourier Lraiisfornis of fiiuctioiis in 7v’ 


-00 I U — X() 

Using this result, (16.17) becomes 


d u < , - 

~ {p - 1 - 2pDy 


f\M\^'dy 


ni/;> 


Ux) ^ [ 


N+112 




/ . — 

J_Ar-l/2 I G(^ + iM) I 

where B is some constant depending only onf(x), p, and D. By (16.04) 

I f7(t + iM) 1 ^ AuM(M‘^ + I ^ I ^ ^ _I_ 1 

Using this in (16.18), 

(lf>-l^)) Ii{x) ^ AisBN'\M'^ + 

Again let us considcw that part of the right member of (16.11) for which f 
runs over the right vertical side of the rectangle C. We denote this liy 


h(x) = 


[ f (y) dy llm. I G{u)G"''^'du 

V— TT A— >00 J—A 


» M 

’LmG 


G(N + 5 + iri)(n — N 


i-q) 


dr) 


If we split the range of tlie integral in u into the ranges (-A, 2N), {-2N, 2N), 
and (2A^, d), then, ])rocceding in a manner similar to that used witli /j(;r), W(' 
can invi'rt the ord('r of intngration in y and u, where in this case wo use 

^ _ i- I d" ‘i + "fi? ” Xo 

u - N - ir) w -' Xo (^^- X(,)(w - N - Y-iri) 

on th(> ra,ng<‘s (-d, -2N), {2N, A). If we defiiu! g{u) as before, we have 

dr] 


Ux) s \ r G('u)niu) du f '" - 
“ 11=0 ^ L^r Gi 


M G(N -j- + iri) lu — N 

Oi- making an. obvious change of variable 

G(u + N + 4)c“"’' 


ir]) 


[j(u + N + i),lnll^£YT 


1 j(lt jj.li 

ind 


~N H” Xiv-i-ji 


^)(u - if]) 


dr] 


Then 


Pii. 


7l \ < D 


Giu + N -bj) 
G (ir] -p i\7 -f- ^ 


„ / i - 

-_mA 

\iv + i - 

- Mo/ 


+ I -- Afn \ / ^ + I -- jJ-n \ 

^ — UnJ \iv 4- I •— / ' 
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GAn) = (k - fl ( I - 1^.V| „„ Ji'N 

I \ (^n./\ /X-„/ 

Then using the two equations above, 


Ii(x) ^ 
Clearly 




g{u + iV + 1 )Gn{u + du [ (i„ 

“ J-M Gy(Z7] -f — zjj') 


1 


U — ir} 


< 


I W -j- 2 Mo 


unless I M I < 1 and | 77 [ < 1, and therefore 


Mx) ^ 4 / 

J— 00 


g(u + + i)GAu -|- I) 

U ^ — JjLO 


du 


f 

%f — c 




i dv 


I + irj) I 

+ I g(n + iV + i)GAu + h)\du f dr, I . 

J—1 \U 'l''g)GN{/£ "h Ifi) I 

Since Q„{w) satisfies exactly the same conditions as G(v>) the results that have 

(16 06)™™'^ ^ ‘™“ “equalities (lfi-04) ami 

ghil 

< 4.«(1 + I -1 

And therefore for | aj | < tt 

f N + ^) GAu + 

Too I _ ;Xo 

+ / I g(u AN + l)GAu + A) I du f 

J-i (u ~ ir])GN(ir} -j- |) 

For h 1 ^ 1, 

I 1 I 

Using (]().06) of Lemma 16.1 we have 

1 


(16.20) 


h{x) < 


Av 


(tt — I a: 


du 


dr] 




GnAv + 1) GnU) 


But 


dr] GAir] + -|) 

< \ \(Tre^ , ^ \ 

= \ — h — 2 max GJiv + 1)1) 

\^8 Al ^ 

G'„(iri + i) = N [ 


idz 


27rt Jr (2 — ZTJ -f 1)2 ' 

where T can be taken as a circle of radius 10 about the origin. Using (16 031 
of Lemma 16.1, we see that there exists an riji such that | (?(,(», + ^) | < An, 
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[ l(') J 

I r? I < 1. Tlierefore 

Using this we have 


— 


G^a + i,) 


^ ^ 22 ! rj I, 


>ll ^ 1- 


L 


i \ 


1 (w — ir])GN(iri + -|) 


Using this in (16.20) we have 


< 


iTr-mi I f -4- + f‘ ^4^L-, dn 

I UjvCvj) \ \ J-\ ri lu J-i \r] tu\ 


= -j h 2^4.22 <! A2s- 

As 


< 


(tt - ire I) 


J" 

J—OQ 


g(u -|- - f- ^)Gff('U + I) 

+ i- — Mo 


du 


+ A23 j ^ I g(u + iV + I) I du. 


II we now split the range ol integration (—00 < < co) above into two parts 

and a])ply liblder’s inequality, we get 

^20 r I 


^ IV. 

(tt - I re|)-! 


+ 


(tt - 1 rc|)2 


7 .: 


Gn{u a 2) 

p 

,1m 

Up - 

M + — Mo 

(.Aj li> 

L. 

Gm{u -|- -|) 

P 

Up “ 

^ _1_ 1 _ 




^~Nri 

IsOi + JV + i)! 

[ I (jO^' + + 2 ) I 

J-N/2 


U.u 

\iu 


il'l 




+ 2^1 23 

Or 

h(x) ^ 


/i 1 »('« + iV + « I" du 


l/« 


.d.20 

(tt - I X |)“ 


r ,.-iv/2 


A 


L 


Aw 


^rv(M -|- -|) 
M + I — fXQ 


(tt - |re|)2 


I g(.u) I'" dM j 

r“ "1 r r 

I 1 + i) dll / 

•'A'/2 J- 


1/9 


H- |) 
M + I' ~ Mo 


P ~\ l/p 

du 


4* 2/4.23 

By Theorem XX 

f 


-11/5 

, J I ff(u -H i') I*" du 

L''rv/2 


■lV/2 


M 4- i — MO 


du ^ ... 

(p--l-2pDy 


Also we recall that g{u) e lA and therefore 

lim / 1 giu 

N-*«) Jn/% 

Using these results in (16.21), we get 


lim / \giu A ^) I®' du = 0. 
N-*«) Jn/1 
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(16.22) lim hix) = 0, I .t; I ^ TT - 5, 5 > 0, 

N-*oci 

uniformly in x. This holds entirely independently of M. 

Let us denote that part of the integral on the right side of (16.11) for whicli ^ 
varies along the lower horizontal side of the rectangle C by laOr). Tlien clearly 
Is(x) satisfies the same inequality as Ii(x), (16.19). We also introduce .'Uxj, 
similarly related to Mx). 

By (16.22), we can make Mx), and therefore l2(x) -f I^x), arbitrarily small 
independently of M by choosing W sufficiently large. Having done this we can 
for the particular value of N, make /i(rc) + Is(x) arbitrarily small by making M 
sufficiently large, as is clear f rom (16.19). Thus (16.11) becomes 


lira r f fsmMdy - I ['/(!/) 

Af-»oo L— Ai J-v TT J-T X — y 


dy 


uniformly in a; for | .r | ^ tt - 5, 5 > 0. From this it follows by well-known 
results of Fourier series that 


§ y dy - 2 ^ [me-'- <ii,| = 0 . 

lhat the sequence is closed tt) follows at once from Theorem 

IV, (3.03). Since {c ’* } is closed, it follows that {/in(.'r)} is unique. Thus to 
complete the proof of Theorem XVIII we have only to show tliat the sum- 
mability piopeities of noiidiarmonic Fourier .series are the same aiS lor ordinary 
Fourier series. To show this requires a slight variation of the ideas used aI)ove. 
We shall take the case of lliesz summability of order a. Flow to ])roceed with 
various other types of summability will be obvious from this. We suppose 
that Xo 0. 

Let Cl represent the rectangle ivith vertices at (-fM, N -j- 4 - i'M, 

N + I + zM, iM) and let Co be the reflection of Cfi in the imaginary axis, fidieii 
as in (16.10) 


1 

4:Tr^i 


l.i.m. 

. 1— >00 



C(70c“'“" du 


Jci C(f)(w — f) 





(16.23) 



+ f 

Jc-> 




Ci! — f) 




IM 

F+l 



cos 


u{x - y ) 
N “F ^ 


(1 — w)“ du. 


If we now multiply tlirough by /(y) and integrate as in (16.11), we Iiavc to 
show that tlie repeated integral analogous to the riglit side of (16.11) tends 
unifoimly to zero as iV w il | re | ^ t — 5. That this is true is clear if we 
observe that the intepal from r = to f = -iM in Ci is cancelled by the 
integral from f = —iM to f = iM in C 2 in (16.23) and thus we are really only 
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coiuHjriicd wit.h as it varies over the sides of the rectangle C in (16.13). This 
we can handle in a inanner similar to that used on (16.11). Tims 


lim 




I x„ 

iV+l, 


f(y)hn(y) dy 

- c'"" (l - 


J 


“A 

27r 


ff{y)e-^''^U.y 

•/— TT 


= 0 


nniformly for | .r | ^ tt — 5 if Xo 0. 

11 Xo = 0 we can modify the (iontours Ci and C<i by taking a small somi-circ\dar 
l>ath of radius p around the origin. In this case we have to consider not only 
that part of (16.23) for wliich f varies over C but also a part involving 


where i' 


Wl'i 
jr/2 

iO 

= pc 




n L 


r_ 


1 + 


r 

iV'+i 


pe*^ do 


Tlui fact tluif, 


r 


1 -f 


f 


N + 


has a zero at .t = 0 is what allows us to discard this part of Ihe h'ft side of (1 6.23). 

'Phus the Kiesz summability of the two series aia; the saimv hdio same 
method {qjplies to Abel and similar types of summability. 

Proof of Theorem. XIX. Hero we show that the set 


X„ 

Xo 

X_n 


2q) 


0 , 


■71 + - 


2'p 


n > 0, 


n > 0, 


which ol)viously satisfies (15.05) does not have the. prt)porties wliich we have 
demonst.rated in Tlieorem XYIII for sets satisfying (15.03). 

l.et q — p/i'p — 1), and lot us con.sider Clearly for n ^ 1 


+ e" 






dx 


r cos"'''^-5a; dx = [" 

*/— TT J— T \ 

= 2‘" r e'” (1 + e'T'” dx 

J— 

= 2^'^ lim r e‘‘”*(l + re*'“)~'/" dx 

r— — 0 J—tr 
= 2‘" lim ErH-n 

r— ^ 1—0 TT 

But for n ^ 1, k ^ 0 the integrals on the right above are all zero. Thus (16.26) 
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vanishes for n 1. Since X_h = — X„, by taking the conjugate of the firsi- 
expansion in (16.26) it is clear that it also vanishes for n S —1. Tims 

(16-26) f dx ~ 0, n ^ 0. 

J—v 

Also since cos Ja; > 0, [ 3; | < ar, there must exist an a such that 


(16-27) a /'oos-'-i^da; = 1. 

J— IT 

If p < 2 then q > 2 and 

(16.28) r \cos-^'^xfdx < 00. 

J— -TT 

If (16.05) is sufficient for Theorem XVIII, it follows that there must exist 
an ho(x) such that 


(16.29) 


& = I®’ ™ ^ 

(1, n = 0. 


By Theorem IV, (3.03), it is clear that given by (16.24) is closed 

t). But by (16.26), (16.27), and (16.29), 

I e’^"*{Ao(a:) — acos~^^®|a;) dx = 0, — « < n < oo. 

Thus ho(x) - a Ao; vanishes almost everywhere, and therefore 

(16.30) ho(x) = a cos"^^® -|.t. 

Clearly if 

["O, I a: I < §7r, 

1 


(16.31) 


/C'c) = 


then /(a:) e l7{-Tr, tt). But 


.(tt - I X |)i/p I log (tt — I X I) I ’ •i’T < I a; I < tt, 


[ hQ(x)f{x) dx> a f 

J-T J ^12 (tt — 


COS ^x 


,r/2 (tt — xyi^ \ log (tt — X) 


dx 


> a 


f 

Jr!' 


t /2 (tt - a;)i/a(7r - | log x)\^^ 


since 


- + - = 1 . 
V 9 


Thus if P < 2 there exist functions /(re) which cannot be expanded into a non- 
harmonic Fourier series in the set (16.24). That is, Theorem XVIII is not 
valid for this set. 
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~ 2 then (1().28) docs not hold and hQ(x) must be identilied with 
« cos " l:)y a different method. Assuming that (16.24) is sufficient for 
Iheorcm XYIII in case p = 2 there exists an ho(x) such that if 

r ho(x)e^^‘’^dx = Ho(w) 

J— TT 

then 


/7o(0) — 1, //o(X„) = 0, n ^ 0. 

Since = -X„ in^ (16.24), the function ^^ihoix) -[- /?,o(-.t)) has the same 
oithogonality properties as h{)(x). Since Ao(:r) is unique, it must therefore be 
oven. Thus Ih{w) is even. Let 

Sinc,c; //()(«;) vanislies at all the zeros of I'^w), 

Hoi'w) = (^{'w)F{w). 

But exactly as in the prool ol '’Lheorem III it can be shown that 4>{w) has no 
zeros. Thus 


//„(«;) = 

But. tuid F{iv) are even. 'Therefore c = 0 and 


If 


lUw) = F{w). 


IJiiw) 


f 

•l—T 


COS 


- 1/2 1 




dx, 


then by (10.26), //i(w;) vanishes at the zeros of F{w), and, exactly as with 
Hoi'w), it follows that 


Thus 


lh{w) = Fi‘w). 


= Hii'w), 

But this is possible only if 

haix) — a ^x. 

That is, (16.30) holds for p = 2. The contradiction now follows in the same 
way as for p < 2. 

17. Proof of a related, inequality of Hardy and Levinson. A more precise 
inequality than that of Lemma 15.2 has been given.® 

’ Hardy and Levinson, Inequalities satisfied by a certain definite integral, Bulletin of the 
American Mathematical Society, vol, 43 (1937), p. 709. 
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(17.01) 


0 ^ < Rz < . . . < Rzn-l-l ^ 1, 

) == (^ ~ o^jx — ... (a: — a^n) 

(x (li)(^x ctaj ... — R 2 jj-[-i) ’ 


~ l/(^) \^d^- 


r(l + l ord - if) 2' 

(1 _ t)^m — = ^ 


with inequality except when 


fix) = 


Jit) = 


1 - t' 


x(x — 1)’ 


= IQrCi — fi) 


(1 — t)Tr^di 


Lemma 17.1. Iff(x) satisfies (17.01), then 


(17.02) 


f J'{fix)}dx= [ F(y)-^ 

•'-» J_0O 


Inl^jml values of y and either integral exists as a hebesgae 

Lemma 17.1 is esseiitialL^ the same as a theorem of Boole.'* 

n 7 mT definitions of f(x) equivalent to that of tlu' ivlations 

U./.U1). In the first place, as we cfui verify at once by resolving /(a:) into partial 
Iractions, ^ 


(17.03) 

where 

(17.04) 


fix) = E 


X— 0 X — R2x+1 


> 0, E «. = 1. 

ihis is the form which we shall generally use here. Secondly 


gix) = = a; 

fix) 


=0 X — azv 


where > 0. If we write l/y for y and G(y) for F(l/y), then (17.02) becomes 

rJMi _^vmparison of transcendents, with certain applications to the theory of 

defmue ^ntegrals, Philosophical Tran,sactions of the Royal Socity, vol. 147 857) 00 

745-803, in particular page 780. ^ uoo/;, pp. 
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G[g{x)\dx= / G{y)dy, 

00 J_00 

wliich is Boole’s formula. 

To prove Lemma 17.1 we observe that, after (17.03) and (17.04), the graph 
ol fix) consists of n 4- 2 descending pieces corresponding to the intervals 
( — CO, ai), (ai , as), • • • , {a^n+i, co), the corresponding intervals of variation of 
/(:c) being (0, — « ), ( co , — oo ), ... , ( co , 0) ; and that, when x moves from — oo 
to ^ , fix) moves, in all, w + 1 times over the same range. The line /(a;) = y 
cuts the graph of fix) in n + 1 points xi , X 2 , ■ ■ ■ , a;„+i ; and 

rny)dx^ f Fhj)Hv)%, 

J-oa J_oe If 

where 


We liave to prove that 



Piy) = 1. 


It follows from considering y — fix) that 

(17.05) y JJ ix — a 2 H-i) — X] «»■ II (x — = IJ II i^- — x,), 

V V Hf&V V 


wlicre y on t,he right side comes from comparing the e.oeffieients of f on each 
side of the (Hpiation. Htuiee, first, equating the coefficients of in (17.05) 
and using (17.04), we have 


(17.06) Y^x, ~ 02.+! = I. 

Next (17.00) is an identity in y when .r„(;v) is substitaited for .r„ . Hence, differ- 
entiating this we obtain 

dxji 1 

~ ~f' 

It lollows that Pirn) — 1. This completes the proof of the lemma. 

In what follows it is convenient to symmetrize our analysis about the origin, 
which we can do by writing x — for x. We have then 

(17.07) /(«)=/ \S{x)\‘dx, f{x) = Z- a,>0,E«. = l, 

J-in X — Qiv-i 

(17.08) “'I ^ ai < 02 < • • • < a2n+i ^ 


Lemma 17.2. If fix) satisfies (17.07) and (17.08), then 


(17.09) 




l/(^)r + i/(-a:)r 
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Proof of Lermtia 17.2. Suppose that e is small and positive and that ^ and 
are the largest and smallest roots ot7(a:) = eand/(a;) = - e respectively. The 


^ > I and J? < — Also 
J. 

and so 


< V ^ 

1 = Zw y 




= 6 < 


1 > 


« 2 - * - e ^2’ 

(17.10) j = i + 0(1), 

where the 0 refers to the limit process e — » 0 . Similarly 

(17.11) , = -i + 0(1). 

€ 

Define 7 by the relations 

/. =/, (I/I S e); /. = 0, (I/I < ,). 

Then, by Lemma 17.1 


\ft dx ~ 2 j \y\^^dy~^^ 


Hence 


(17.12) 


Now 


1 - f 


dx 


J(i) ~ / \f\^dx — lim / j f 
•1-1/2 ,_»o X.i/2 

= i”{i4i-(£i/i‘<i-+f'Vi‘<ix)}. 


f(x) - a; ' + Oix~^), \f(x) |' = ] . 7 ; p' -j- 0(| a; 

for large ai. Hence by (17,10) 

L “ r^tlO + "^^0 ' ^ GJ } + 

Hen^^ I’^Place ? by 1 /e in (17.12). Similarly we may replace 77 by - 1 /e. 
j(t) = ito - £■ !!/(,„) I . + |.) ^ 


= { 1^1 - 2 £‘ * - !"■ P(,) I- + !/(_,) |. _ 

which is (17.09). 
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Lemma 17.3. If \x \ > ^ then 

(l>(x) = \f{x) 1' + \f(-x) 1' 

is (for every x) least and greatest when f(x) is 1/x and x/{x^ — |) respectively. 

Proof of Lemma 17.3. We may suppose x > ^. We consider the pole A of 
f(x) nearest to an end of (— |, |). If we suppose, for example, that A > 0, 
then A = a^n+i . If 


X — a’ + x — A^ x + A' 

then all these numbers are positive and 


( 17 . 13 ) I > I = ‘ 

for any positive pole a other than A. If 


then 


,u) = ,(.) = i/w r + ]/(-.) r = (e + (e 

1 #(A) 


= \fix) 


- \fi-x) 


t dA (a:-A)2 ' (a^ + A)^’ 

where A is the a corresponding to A. This will be i^ositive if 

> 




and this is true on account of (17.13). 

Hence we decrease ^(x) by moving A to the left, to the next pole, or to the 
origin if there is no other positive pole. Similarly, if A were negative, we i 

should decrease 0(a:) by moving A to the right. It follows by repetition of the I 

argument that <t){x) is least when all the a’s coincide at the origin, a,iidf(x) = 1/x, 

Similarly <?i>(x) is greatest when all the a’s are at one of the ends of ( — |, |-). 

In this case 


fix/) 


a .l~a_x — ^ 

1 "T 


X — I ' X -P h x^ — I’ 
where jS = a — O^a^l, Finally 

|a;-/3r + la; + (3|'<21i|‘ 

if 1 a: 1 > 5 ^ 0, so that the true maximum of 0(a;) occurs when 

X 


fix/) 


x^-l' 


Proof of Theorem XXL We take the interval as ( — -j) so that the two 
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critical functions are 

/iW = I, Ux) = 

X 

It follows from (17.09) and Lemma 17.3 that 




2‘ 


1 - r 


with inequality unless / = /i . Also 




= r + !/»(-*) r - 1/(*) i‘ - \‘)dx, 


by (17.09), and the last integral is positive, by Lemma 17.3, unless f 
Finally 



dx — 




by an elementary calculation. 


_ r(| + i0r(i - |i) 

“ - (T- ^ 


/2. 



CHAPTER V 

FOURIER TRANSFORMS OF NONVANISHING FUNCTIONS^ 

18. Introduction. If a function f(x) eL{ — Tt, t) and if it has a Fourier 
series 


0 

that is, if 


a-n = 0, n — 2, • ■ • , 

then, ol)viously, /(:r) is the boundary function of a function analytic, in tlie unit 
ciicle, and, btiing such a boundary function, f{x) cannot be equivalent to zero 
over any interval, no matter how small, unless /(rr) is equivalent to zero in the 
whole interval ( — tt, tt). 

This result can be immediately generalized to the (aise where 


with 


Six) ~ 


<^-n — 0(e ”), n Qo^ 

for some 5 > 0. Foi' in this casa f(x) is the boundary fund, ion of 

00 

<7^ = S 
—00 

which is clearly analytic in the ring < j ta | < and therefore again f{x) 
cannot be equivalent to zero over any interval without being entirely ec^uiva- 
Icnt to zero. 

Suppose that we have a function /(x) whose Fourier coeflicients do not satisfy 
any condition of the form a„ = or = 0(e~®"). Then /(a;) is no 

longer the boundary function of an analytic function. The question now arises 
whether or not we can find conditions under which such f{x) have the property 
of vanishing completely if they vanish over any interval. That we can follows 
from results of Chapter II. For example, a much simpler result than Theorem 
XII and an immediate consequence of it is: If f{x) eL(~7r, tt) and has the 
Fourier series 

00 

X ^ ^ ^inx 

^ j I 

. —00 

1 This chapter is not on gap or density theorems but is related to these. Moreover the 
results of this chapter are necessary for later use. 
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where 

a_, = 0(r“‘">), 

for an increasing function 6(u) such that 

diu) 


71 — > 00 , 


I 


du = CO ^ 


then f(x) cannot vanish over any interval unless it vanishes over ( — %, vr). 
There is an analogous result in Fourier transforms. 

Theorem XXII.^ Let F(u) eL(—oo^ oo) and let 

(18.01) P(m) = 

whe7'e 6(u) is a positive increasing function such that 

diu) 


( 18 . 02 ) 


I 


du = 00. 


Then fix), the Fourier transform of F(m), cannot vanish over any mierval unless it 
is identically zero. 

Condition (18.01) is a one-sided condition. The theorem would of course 
be true if (18.01) held for u < 0 instead of for w > 0. 

The condition (18.01) certainly will be satisfied if 

(18.03) Fiu) = 0(r*“), u > 0, 

for some 5 > 0. In this case we can obtain the result of Theorem XX IT quite 
easily. Let z — x + iy and let 

f{z) = Fiu)e~''^’‘ du, Q Sy <8. 

Clearly by (18.03) 

I ^ (2^)- L I I du. 

Thusfiz) exists for 0 ^ 2 / < 5. Similarly f ( 2 ) exists for0<y<8 and there- 
fore fiz) is analytic in the strip (0 < 2 / < s, - 00 < x < 00 ). Thus fix) is 
either analytic or at least takes the boundary value of an analytic function. 
Therefore, by well-known results in function theory it cannot vanish over any 
interval unless it vanishes identically. 

In this sense Theorem XXII is an extension of the fact that an analytic 
function, not identically zero, with (— 00 , co) as a boundary cannot vanish 
over any interval of (— co, 00 ). The relationship with the general class of 

^ Cf. N. Levinson, On a class of non-vanishing functions, Proceedings of the London 
Mathematical Society, vol. 41 (1936), p. 393. 
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[ 19 ] 


functions which arc analytic in part of the half-plane above the boundary 
(- CO, co) is given by the following theorem. 

Pi-iEOiiEM XXIIL'’^ Lei F(u) satisfy the requi7'emG7its of Theorem XXIL Its 
Fourier transform 

(18.04) /(x) = -A f Hu)e~‘"’du. 

Let g(z) he. ariahjtic for (a ^ x ^ h, Q < y ^ y) and continuous in {a ^ x ^ h, 
0 ^ y Sy). Suppose f{x) = g(x) for a < a S x ^ ^ < h. Thenf{x) = g{x) 
for a S X h. 

Theorem XXII is a special case of Theorem XXIII with g(z) = 0. Thus it 
will suffice to prove Theorem XXIII. Another special case of Theorem XXIII 
which is useful for subseqiunit application is the following result. 

Theorem XXIV. Let F(u) satisfy the requirements of Theorem XXIL Then 
‘^f f{x), the Courier transform of F(u), coincides with an analytic function over some 
uitexval it coincides with the analytic function over its entire interval of a^ialyticity 
on the X axis. 


The condition (18.01) can be considerably weakened. The condition 
F(u) e L{ — <xi ^ 00 ) can als<j be considerably modified without otherwise affecting 
those theorems. This is done in d"heor(.'ms XXVII and XXVIII. 

19, Proof of the basic theorem. In proving Theorem XXIII we shall re- 
(luire several lemmas. 

IjEmma 19.1. If 0{u) is a positive increasing fmiciion of u arid if 


(19.01) 

/“ log (r* + A* > - » 


Jl U^ 

then 


(19.02) 

ro(u) . ^ 

/ — „ - du < CO. 

Ji m 


Proof of Lemma 19.1. Let flie set of intervals over which fl(w) > u, be de- 
noted by E. Then by (19.01) 



where C{B) is the set of points complementary to in (1, <»). From this it 
follows at once that 


(19.03) 


/ 

Je 


du 


E U 


< 00 , 


® Cf. N. Levinson, A theorem relating non-vanishing and analytic functions, Journal of 
Mathematics and Physics, vol. 16 (1938), p. 186. 
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(19.04) f du < oo. 

Jc(jB) Vr 

Let the intervals of E be denoted by {a„ , h,,}. From the definition of E as tlu; 
intervals where d{u) > u it follows that 


Thus 


Ku) ^ K , 


CLn ^ 'll hji • 


(19.05) / du £ E*"’ = E“ (- - lY 

^ Ja, ^ \an ) 

From (19.03), 


(19.06) 

But (19.06) implies that 


Thus (19.05) gives 


dfl 

E"(^ 


6{u) 


du <. 00. 


This and (19.04) give (19.02). 

Lemma 19.2. If q{z) is dTioIylic in (0 ^ .'r ^ 1, 0 y ^ 'y ^tt) and con- 
tinuous for (0 ^ a: ^ 1, 0 ^ ^ 7), and if 


(19.07) 

then 


J\{u) 


= rv^-niY' 

Jo \e — e^/ 


(e^ - me - e^rj 


I 'Mu) I ^ lO^e 1 {ir(s) |, y, > (j^ 

where in max | <7(2:) |, 2 ranges over (0 ^ a: ^ 1, 0 ^ y ^ Iy). 

Proof of Lemma 19.2. Using the Cauchy integral theorem in (19.07) we take 
instead of the path {z — x, 0 ^ x ^ 1) the path made up of the arms of an 
isosceles triangle (z = x + iyx, 0 ^ .r ^ f) and (2: = x + -17(1 - .x), | ^ re ^ 1). 


/•1/2 

JM = (1 + iy) I _ !)<•«(, _ 

(19-09) , /•! , . , , 

+ (1 - iy) / 

•/1/2 


I s' It +2 


(e 


a;-l-i7(l— a!)\2---su 


-gix + iy(l — x)) dx. 
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I l!i .1 

Clearly, for 0 ^ .r ^ | 


am 


- am - e‘”) 

= tan- - + tan - - 


Blit for 0 ^ a; ^ J 


cos yx ■— e~ 

. , ~i sin yx 

^ tan • ~~ — . 

cos yx — e~^ 


X ^ cos yx — G ""f 


I— a? 


COS yx 


since (Ris inequality holds for x = 0 and 
d 


dx 


(x — cos yx G ^) = 1 y sin yx — c * ^ 0 


for 0 < 7 < lir, 0 ^ a: ^ i Thus (19.10) becomes 

a-(l-i 17 ) , \ 

— ^ ' sm yx 


ami , I ^ tan C 


^ tan' 


-I sm 7^-7 


1. > 
a 


0 ^ . 7 : 


= l air'^ (2 cos ^7 tan ^t) 

^ tair^ ^ taif'^ (tan ^7) 


d'hus for u. > 0, 

• 1/1! 7^^2(1117) A”' 


(1 


-1 (:' 




(/l O. _ .|y(^ _ ^■i^x)dx 

^ 7r|c“^“^”(2c)'‘ max j (j{z) ] ^ 2'%;“'*'"^“ max 1 1/(2) [. 


In precisely tlie same, manma’ this liolds for the second integral on the right of 
( 19 . 09 ). Thus 


u > 0. 


1 Hu) I ^ 2 ^“c---^'W I g{z) 1 , 
This completes the proof of the lemma. 

Lemma 19.3. Let 

(19.11) J^{u, v) = f (e* - l)'“'^-^(e - 

Jo 

Theri for w > 0 and any 7 such that 0 < 7 < It 


'dx. 
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(19.12) 

i Mu, v) 1 ^ 

y > 0, 

(19.13) 

1 Ji(u, v) 1 < 10^'“/'', 

V < 0. 

Also there 

exists a constant C such that 


(19.14) 

lUu,v)\<c\M 

1 + 



Proof of Lemma 19.3. If in Lemma 19.2 we set qiz) = then for 


S 1, »<0. 

Thus (19.12) and (19.13) follow from Lemma 19.2. By (19.11), 

(19.15) j J^iu, v) I ^ e^. 


iiitegrate (19.11) by parts twice, each time integrating the 
term e and differentiating the other terms, (19.14) follows at once. That 
(19.14) is also true if | y | ^ 1 is clear from (19.15). 

We can now prove Theorem XXIII. 

Proof of Theorem XXIII. Wo. .shall prove that /(x) = g{x) for /3 ^ .r ^ h. 
That this is true for a ^ x ^ a follows in exactly the same way. 34ii.s case can 
also be reduced to the first by considering /(- ;c) and g{-x)^ Thus it suffices 
to prove the result only for ^ ^ x ^ b. 

With no restriction we can assume a = 0 and 6 = 1. (Then 0 < /3 < 1.) 
A simple linear transformation of variables reduces all cases to this one. I'hus 
in what follows a = 0 and 6 = 1. Our hypothesis now is that f(x) = g(x), 
(0 ^ X ^ /3), where 0 < /3 < 1, and we shall prove that /(a;) = <7(3:), ^ x ^ 1).' 

Let 


(19.16) hiw) = {fix) - g{x)](e'‘ - - ey-‘"dx. 

But fix) = gix), 0 Sx S Thus 

hiw) = |/(x) - gix)\ie‘ - lf*‘'‘ie - 6"^-“ dx. 

If to = u + iv, aien, for o > 0, hiw) is analytic and, for » £ 0, hiw) is continuous. 
Also, for y ^ 0 


I hiw) I S (/ - l)-(o - o^)'e* /■ |/(x) - gix) I dx. 
If B is defined by 




19 


PliOOF OF THl? BASIC THEOREM' 


70 


then 

(19.17) 


1 Hw) I ^ Ae'^'’, 


V ^ 0, 


where A will be used to represent any constant depending only on/(rc) and g{z). 
From (19.1G) and the definition of Ji(u), 

h(y) = -Ji('u) + f f(x)(e^ ~ l)-"'-'“(e - 
•'0 

Using the definition of f{x)^ 

h(u) = -/,(«) + I (e* - F{y)e-‘’" dy. 

From the definition of ,h{u, v), 

(^9.18) /i(w) = -J\{u) + ^ 2 "yi 72 J F(^/)J 2 (^^, y)d7j. 

Clearly 


(19.19) 

From Lemma 19.3 


nv)Mu, y) dy s + f ) I ny)Mu, y) I dy. 


y < ■i'U, u > 0. 


imdy. 


I ■l-.iu, y) I S lOV”'*, 

Using this and (19.14), (19.19) gives 

f F(?7)J2(^^, y) dy ^ + Aw“ f 

•l-oo Ju/2 

Recalling that ] J ,{n) \ S (u > 0), (19.18) and the alrovo inequality 

give 

!;»(«) I s + f 

\ Ju/a y^ / 

But F(y) = {y 00 ). Thus 

(19.21) 1 h{u) I ^ 

Or 

f log I h(u) 1 ^ 4 + f“ log 
•'1 

By Lemma 19.1 since /i® Q{^u)u~'^ du — co, 


u > 1. 


u > 1, 


f log 


du 


Thus 
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(19.22) = -oo. 

•>1 

We now use an argument already used previously. Let us assume (hat h{‘w) 
IS not identically zero. Then by using Carleman’s theorem, 'Theon'in B on 
h{w) in the upper half-plane it follows that 

+ I log I I sin 6 do + A. 

Or 

- I log- I h(u) I (^, - S y" + fj I I * 

+ ^ ^ log"*' I I do -L A. 

But I h{io) 1 ^ (I H ^ 0). Using t,his gives 

or 


I log lh(u)\~<A. 

Since A is independent of R, it follows that 

(19.23) - riog-|AM|^< ». 

•'1 

But this eoiitradiots (19.22). Thus Hw) = 0, and therefore 

(19.24) {fix) - gix ) ) (^£Uy“ ie‘ _ i)>(, _ „ 0 

If we now set 


e — 1 
e — e* 


— A 


(0 < a: < 1) maps over to the interval (- oo < t < cc) and 

(19.24) becomes the Fourier transform of an integrable function. But only a 

cX T transform that vanishes identi- 

intervol^ul T X obtained by mapping /(oi) - g{x) on the 

iteival ( CO < i < oo) vanishes almost everywhere. Thus /(a;) - n(a{) 
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For the next section the following theorem is necessary. 

Thkorem XXV, Theorem XXIII (and therefore also XXII) remains true if 

(19.26) r^log rU'’(!/)l^= 

replaces conditions (18.01) and (18.02). 

Theorem XX V includes Theorem XXIII, for if F(y) — ()(e~'^^^^) where 0 (u) 
satisfies (18.02) then 


= 0(e“''^“^). 


(19.26) f I lt{y) 1^ = 0 V‘'“> f 

r \ 2/V 

By (18.02) this leads to (19.25). 

Proof of Theorem XXV. The proof follows that of Theorem XXIII with 
only one difference, whicli we shall point out. Here we define 


(19.27) 

By (19.25) 


0 (u) = -log f \F(ij)\^. 

Ju if 

roiu) , 

/ du = 00 . 

Ji tr 


Also 0 (u) is monotoiu' increasing. To go from (19.20) to (19.21) in the i)roof 
of Theorem XXlIl willi 0 (u) defined as in (19.27), we use (19.27) instead of 
F(ij) = 0(e‘ OtlK'rwise the jn-oofs are identical. 

20. Proofs of related theorems. Tlie following theorem serves two ])urposes. 
It shows that, the results of this cha|)ter are. best possil)le and it is necessary for 
subseciuent results. 

TiiicouKM XXVl.'^ Let 0(r) be an even and a positive incrcasinq function of 
1 w 1. If 


( 20 . 01 ) 


r<hiu) , ^ 

/ du < oo , 

J 1 id 


thru given any ;ro > 0 there exists an enlirc function II (w), nut egidvalent to zero, 
such that 


( 20 . 02 ) 


iK'it) I ^ 


-</>(«) 


1 + w'* 


and such that the Fourier transform of H(io), h(x), vanishes outside of \ x\ ^ xo 
and h( 0 ) 7 ^ 0. 


This theorem shows that condition (18.02) is best ijossible, since II (u) which 
■‘This result is essentially due to Paley and Wienei*, loc. cit., chap. 1. 
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satisfies (20.01) and (20.02) has a transform that not only vanishes over an 
interval but over all except a finite part of the line. 

Proof of Theorem XXVI. Let 

(20.03) </»i(w) = <^(2w) + log (100 + lOOw ). 

Then 4>i{u) is monotone increasing for m > 0. Let 

(20.04) 

Since = 0, 


a(u, v) ^ 0, 


V > -1. 


Since 


V T- 1 


- dl 


(u- ^y-\-(v+iy 

it follows that a(u, v) is a harmonic function for v> - 1. Since cj>i(^u) is increas- 
ing and positive, 


cr('W, v) ^ f 
J\U 


U^){v + 1 ) 


V), 


I (I wT- ^)‘'+ 


Thus 


<r(w, v) > <^>l(^^). 

Let r(u, v) be a conjugate function to ff{u, v) in the half-piano v >-1. 
Since a{u, v) -j- ir{u, v) is analytic for w > — 1, 

(r(u,»)— iT(u,») 

Bliw) ■■ 


(w -h iy 

is analytic in the half-plane v !> 1. Since v') is positive, 


(20.05) 




1 


Also since cr(w, v) > (t}i{u) 


I w -j- 1 1 + I ly 


2' 


V ^ 0 . 


Using (20.03) 
(20.06) 


1 lUw) 1 g 


l-ffi(t«)| ^ 


100(1 + U^) ’ 


V ^0. 


Let 
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For rr < 0, the path of iiiiegration on tlie righl, can be closed in the upper half- 
plane since by (20.05) 


\lUw)e-^^^ 


< 




1 H- 1 ic ' 


But the integral of an analytic function aro\ind a closed contour is zero. 


Thus 


}h{x) = 0, 


a; < 0. 


Since Iii{u) is not identically zero, hiix) cannot vanish identically. Since 
I //i(w) I < 1/(1 + ii), hi{x) is continuous. Thus there must be a point aji > 0 
such that /ii(:ri) 9^ 0 but such that h{;x) = 0, x ^ :?] — .To . IjCt hii(x) = hi(x + 
.ri). Then 

h(0) 9^ 0; hix) = 0, (x S -To). 

If 

(20.07) Ih(w) = Hi{w)(r^^\ 

then 

h,(x) = h,(x + X.) = (2 A, 7,//^ 


That is, is the Fourier transform of Ihix). 

Let 


h(x) = }h(x)h 2 { — x). 


Tlien 


/i(0) 5^ 0; h(x) = 0, (I a; I ^ •‘'’o)- 


Since Ih( — u) must l)e the transform of fh( — x), 

^TT J-— 00 V— 00 


Let V = t — u. Then 

h{x) = ~ r lUu) du f Hz(u - 

2iTV J— 00 J— 00 

= 1 I H,(u)H 2 (u - t) du. 

ZlV J— 00 */— 00 
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Thus fclie Fourier l,ra,iisform of k(x) is 


I 

^00 = 7^, imrim - w) d^. 


(27r)F2 

From this, (20.06), and (20.07), it follows that there exists for v S 0 

1 


“ (Sj'w L - “) '«• 


(27r)F2 

For j; ^ 0, transforming the variable of integration, 

1 


H{w) — >2^/2 d^. 


Thus for i) ^ 0, 


/ -ul'2 

00 


I 7 / 2 (? d- wi) I max | | 

fS-n/2 


+ 


I 


, dhi^) I max I 7 / 2(1 + w) I dl 

■Ujtl — it/2^£ 


By (20.06) and (20.07) this becomes 


H(w) I g 


VXl—<t>(u) 


100(1 + wVie) 

Ul»l— I#l(u) 


i: 




+ 


a 


uaj— ^(ii) 


100(1 + ^^) ioo(T + id/ 16) 


»£ 


~ 50 + 2w*’ 

Similarly this holds for y ^ 0. 


d^ 

l6()(! + 

V ^ 0 . 


Thus 


(20.08) 


|77(ia)l 


<#’(«) 
1 “h id 


(20.02) follows for z; = 0. (Actually (20.08) is not needed here but will l)e iistnl 
m a later chapter.) Since h(x) vanishes outside of a finite interval, its Fourier 
transform must be an entire function. This completes tlie proof of 4() tlieorem. 

In Theorems XXIII and XXV (and therefore also XXII and XX IV), the 
conditions on F(u) can be considerably relaxed. In the first place, as u — > co the 
fact that F{it) must be small can be put in a less restrictive form than (18.01) 
and (18.02) or than (19.25). Secondly, for m < 0 not only does F{u) not have 
to belong to L(~ =0,0) but F(u) can behave like for example as u — > — 00 . 
The following theorem is an extension of Theorem XXII along ttiese lines. 

TiiEOREM XXyil. Let e '^'“^F{u) e L{— w, 00 ) /or any e > 0, and let there 
exist an even 'positive function increasing with | u \ and such that 


i: 


■du < 00 . 


Let 
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and let 
( 20 . 10 ) 



du < 00, 


f ^ log [ 1 F(?;) \e dv = — oo . 

^ 1 U 


If for some a and. h, (b > a), 


( 20 . 11 ) 


-« li<|— iMa: 


du 


dx — 0, 


then F(u) is zero almost everywhere over (— co^ oo). 

We observe t hat (20.11) is a geueiulizatioii of the requirement tliat the trans- 
form of F{‘u) vanish over an interval (a, h). Inequality (20.09) is certainly 
satisfied if /'’(a) e 1/, 7; ^ 1, or if F{u) = 0(| u I'‘) or 0(c'“'^''^) as u — co . 
Equation (21.10) is a much weaker requirement than (18.01) and (18.02). 

The following theorem gcnieralizcs Theorem XXIII (and XXV) in the same 
way that Theorem XXVI 1 generalizes Theorem XXII. 


Tmioohiom XXVin. Lei F(n) satisfy the requirements of Theorem XXVII. 
Let g{z) he analytic in (a S x ^ 5, 0 < ?/ ^ 7) and continuous in (a ^ x ^ h, 
0 ^ y ^ 7 ). Let there exist an f{x) such that 


(20.12) 




— e|«|— in® 


du 


dx — 0. 


If f{x) = g{,x) almost euerywhere in {a < a S x S (1 < b), ihenf{x) must equal 
g{xi) almost everywhere in (a < x < b)f 


Proof of Theorem XXYll. Let 0 < Xq < ^^ib — a). By Tlieorcnn XXVI 
tliere exists an h(x) whieli vanishes for 1 a; | > :ro and wit.li Eouihn- transform 
H{it) satisfying 


(20.13) 


\inu)\ ^ 


1 + td 


where </»(«,) is given in Theorem XXVII. Let 


iMu) = F{u)H{u). 

Then by (20.13) and (20.09), Ffu) eL{- co, 0). Again, by (20.10) 

[ 1 F(v) dv < 00 , 

•'2 


“ The condition that g{z) be continuous for (a ^ a: g f), 0 ^ 7/ g 7) can be replaced by 
SI I + iy) — g{x) 1 da: — > 0 as y — > +0. 
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Thus Fi(u)eL{2, co). Since F(u) is inteftTable over (0, 2), we now have 
ti{u) eL{— CO, co). Again by (20.13), 

I I n(») I ^ S /j F(v)H(v) \dv S I’ \ /,’(„) 

Thus by (20.10) 

f j‘, I 

Thus Fi(u) satisfies the requirements of Theorem XXV. 

Let the Fourier transform of Fi(u) be 


fi(x) = 


1 


^ f F^(u)e 

«/~oo 


du 


(27r)i/2 

J-aiO 

Since fr'“'F(w) eL{- co, «)), it follows that 

/ \ 1 r®® 

(20.14) /i(rc) = lim — / /i(^) 

«-+oo 27r i-xo L.«5 


« + .To < .r < h 


:i'o. 


By (20.11) this gives 

Siix) = 0, 

Since Fi(m) satisfies Theorem XXV, it follows that /i (a:) = 0 (- co <a'< co) 

Thus ite transform, FM = H(u)F{u), must be zero iinost everywhere 
femce mu) IS an entire function, it vanishes only at isolated points. Thus 
I (w) IS zero almost everywhere. This completes the proof of Theorem .XXVII 
Prooi e/ TAeerem XXVIII. Let 0 < rr. < 1(0 - „). Since ‘.satMis 
the requirements of Theorem XXVI if d.{u) does, there exists H(«) sLiisfying 

(20.1S) I mn) I S tFl 

and such that }i{x), its transform, vanishes for | .-c j ^ a;o . Proceeding exacllv 

(2o'l2)* '° Theorem XXVII, we obtain (20.14). From (20.14) and 


/ iCfl 

~ ^) d^, a xo <. X <. h 

Xq 


(20.16) 

Xo. 

We recall that Fi(«), the transform oi Mx), has been shown to .satisfy the re- 
qiiirements of Theorem XXV. Let 
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[ 20 J 

(20.17) gi{z) = j ' 

J-Xq 

Then gi{z) is analytic for (a + xo < x < h - Xo , 0 < y < y). Thus gi{z) 
satisfies the requirements of Theorem XXV. Also by (20.16) and (20.17) and 
the fact that f{x) = g{x) almost everywhere in {a, fi), it follows that fi(x) = 
gi{x), (a Xo < X < ^ — Xo). Thus by Theorem XXV, 

fi(x) = gi{x), a xq < X < h — Xo. 

That is, 

/ Xq 

{/(^ — 0 — g{x — ^)} = 0, a + Xo < X < h — Xq. 

XQ 

But (20.18) will also hold with A(^)e*’’^ instead of h{^) since the transform of 
this function is H(u + v), which for any fixed v can be used just as well as H(u) 
itself in obtaining the above results, providing we can show for any fixed v that 

(20.19) H(u + iv) = 0(e“^^“^), 1^1-^ oo. 

But it was just to assure this result that we use <j>(2u) in (20.15) rather than 
simply cl){u) itself, since as ] w | gets large 2 | m | — 2 | y | soon exceeds j w [ in 
magnitude. Thus for large | u \ and fixed v, ^{2u + 2y) > ^(m). From this and 
(20.15), (20.19) follows. Thus instead of (20.18) we now have, for all v, 

/ — gix — = 0, a-j-Xo<x<b — Xo. 

J-Xq 

Thus for almost all ^, | ^ | < o^o , 

(20.20) k(^) lf(x ~ — g(x — ^)} = 0, a + Xo < X < h — Xo. 

But h(0) 0 and h(^) is continuous. Thus there exists a 5, 0 < S < xq , such 

that h{^) 7^ 0, 1 ^ I ^ 5. Thus (20.20) gives for almost all ^, | ^ | ^5 < Xo , 

f(x — k) = g{x — a-\r xo<x<h — Xo. 

From this it follows at once that/(a;) = g{x) for almost all x, (a + a;o < x < 5 — 
Xo). Since .Xo can be chosen arbitrarily small, it follows that /(x) = g{x) for 
almost all x, a < x < h. This completes the proof of Theorem XXVIII. 


CHAPTER VI 

A DENSITY THEOREM OF POLYA 


21. Th.G density theorem. In this clmptGr we shiill prove wluit iniglit bo 
called the classical density theorem although the theorem stai’(,ed as a. gap 
result. 

If a sufficient iiiimbei of the coeffi.cients of a power series ai'c zero, every point 
on its circle of convergence is a singular point. This was first proved by Plada- 
mard for the power series 

00 

n^O 

where 


^n+l/^n = C 1. 


All example of such a series is 


m 




. 2 '‘ 


The points 


{k/2^ 


<k< 2", m. = 1,2, 


are everywhere dense on (0, 1). Let us consider the series F{z) as s --> 
along a radius from 2 = 0. Clearly here lim ] F{z) | = oo. Since this is the 
ease for an everywhere dense set of points on the unit circle, the unit circjle is 
a natural boundary for F{z). 

This result has been extended and improved considerably. L('t us consider 
the following series; 

n—0 

/(s) must possess at least one singular point on its circle of convergence. Let 
this point be 2o . Then the points and must also b(^ singular 

points. ^ Ihus il X„ - 3??,, f{z) will have at least one singular point on every arc 
on its circle of convergence of circular measure exceeding 2 t/ 3, This result 
remains true if = Zn is replaced by the much less restrictive condition 

r n 1 

hm ^ . 

n-^oo Ati o 

lliis follows from the following theorem which is stated for Dirichlet series and 
therefore includes power series as a special case. 
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21 J 


Theorem XXIX} Let 
(21-01) f(z) = ± 

n— 1 

where 

(21.02) lim ~ = J) 

n-*oo Afi 

and for 807ne c > 0 

(21-03) X,H., -Kic. 

1 hen 071 the abscissa of converge/icc there is at least one si 7 i,gula 7 ’ity in every Litei'val 
of length exceeding 2TrD. 

In particular if JD = 0^ the abscissa of convergence is a natural boundary. 
Iheorems involving a sequence {Xn| of density D are very often proved by 
using the entire function 

In other words an important way to make use of the properties of (An) is by 
means of tiie corresponding properties of F(z). For example ?i/X„ D implies 
that 


lim 

|l/|-+oo 


log F(iy ) ^ 


In certain respects this last result is a much easier one to make use of than 
7i/\n ^ d)- Ihus the proof of Theorem XXIX makes use of the following 

theorem. 


Thborjom XXX.^ If {X„} satisfies (21.02) atid (21.03) and if 
(21.04) F{z) = n (l - J) , 

then as r —> oo, for € > 0 


(21.06) F(r«") = 0(exp {irDr 1 sin 0 jH- er}), 

(21.06) = 0(exp { -irDr [ sin (9 1 + er}), | rF^ - X„ | ^ fc, 


^ .P61ya, U eber die Existent nnendlich vieler singul&rer Punkto auf der Konverge 7 izgeraden 
gewisaer Dirichletacher Reihen, Sitzungsberichte der Preussischen Akademie der Wissen- 
scliaften, 1923, pp. 46-60, 

^ P. Carlson, tlher Poienzreihen mil endlich vielen verachiedenen Kocffizienten, Matheraa- 
tische Annalen, voL 79 (1919), pp. 237-246. / 
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and as^ n CO 


(21.07) 

Theorem XXX will be a corollary of a more general theorem, whose proof will 
follow that of Theorem XXIX. 

Proof of Theorem XXIX. With no loss of generality we can assume that the 
abscissa of convergence of f(z) is rc = 0. If there exists an interval of length 
greater than 27rD on a; = 0 on which /(«) has no singularity, we can also assume 
with no loss of generality that this interval is —B ^ y ^ B where 

B > ttD. 

If f(z) contains no singularity on x = Q,\y\ ^ B, then there exists some a > 0 
such that/( 2 :) is analytic for a: ^ “ a, 1 y I ^ B 
Let' 

Hiw) = f fiz)e^'‘ dz. 

J—a 

Then if «; = w + iv, li (w) is defined for u < 0. By the Cauchy integral iJieorem, 
we can change the path of integration to give 

/ — a+ia ^oo+iB 

f(z)e'^^ dz + / dz. 

I he path in the second integral is along the line y = iB from x = — a to a' = oo . 
Let b > 0. Then 


r i-b+iB /-co+iB / 00 \ 

H{w) = / dz + / dz+ \ e-iE 

“ •'-a+tB •'6+fB \ 1 / 

The condition lim w/X„ = D causes the Dirichlet series for f(z) to converge 
absolutely for a; > 0 just as is the case with power series. Thus 


(21.08) 


/ -<!+»■« »6+tB 

f(z)e^^dz-i- I f(z)e 

“ J-a-l-m 


6+tB 

a+iB 


dz 



w — X* 


But now B(w) IS defined for all w. If F(w) is defined as in Theorem XXX, then 
by (21.08) 


G(w) — H(w)F(w) 

is an entire function, and 

(21-09) (?(Xn) = - aJ'(X„). 

By (21.08) if ly = 0 < -y < then 

■ It is possible to replace (21 03) in Theorems XXIX and XXX by less restrictive eon- 
ditions. What is essential is that these conditions imply (21.07). 

^ The function H{w) is used by V. Bernstein, Senes de Dirichlet, Paris, 1933, p. HI. 
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I 21 I 


1 11 {pe'^) i g exp |-apco 8 T} j 


“aft 5 

a 


i/fe)(fe I 


+ exp {bp cos T - Bp sin 7l /■”“ | f(,) ^ i 

+ exp {bp cos y ~ Bp sin y} I I 

1 6 sin 7 

By choosing the path of integration as the reflection in the real axis of that i]=!Pfl 
in (21.08), the above inequality holds for Thus 

Hipef-"'*) = 0(exp { —ap cos 7} + exp {5p cos y — Bp sin 7}). 

Using this and (21.05), 

U(pc ) = 0(exp { ap cos 7 T tJDp sin 7 T cp) 

+ exp {hp cos y - (B - ttD) p sin 7 + ep}). 

Since B > tD we can take 


b = 1(5 — ttD) tan 7. 

Then B — ttD = 2 h ctn 7 and 

(!{pe '^) = 0(exp { — ap cos 7 + rDp sin 7 + ep} -f- exp { ~5p cos 7 + ep}). 
Since e is arbitrarily small, 

— 0(exp {— -Uipcosy + Tr/^psiny} + exp {—^hp cosy}). 

Tf D = 0 then for 7 = -Jir, 

G{p<-^^^) = -), {5 = 1 min (a, b)}. 

If 1 ) > 0, let 


'TIk'h ttD sin 7 = Ja cos 7 and 

(}{p(‘^'"*) = 0 (exp {— i«p cosy} + exp {— -|hp cosy}), 

and again 

(21.10) rf(pc^'^) = 0(6“''’*'“®^). 

Tims for 5 > 0, 

(21.11) c^'"G{w) — 0(1), 1 I — ^ 00 , am w = zty. 

By (21.08) there exists an A. such that for j ip — X/,. j ^ Ic, (/c > 0), 

\H{w) I ^ 
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Using this and (21.05), tlien for some other A 

(21.12) I G(w) 1 ^ /U;'""’! 

for I w; — Xfc 1 ^ |c, (k > 0). But G(w) is analytic in the whole plane. Thus 
the maximum value of G(w) for 1 u; - X/, [ g |c is taken on for [ w - X^ [ = |c. 
Thus (21.12) holds for all w, and for some other A 

= 0 ( 6 '*'”'), 

The above result and (21.11), according to a theorem of Phragm6n-Lindel6f 
(Theorem C), give 

e^‘’G(w) = 0(1), j -w I — )■ oo, I am w \ ^ y. 

In particular then 

(21.13) O(t^) = 0(e~'“), w-^co. 

But 0(X„) = — a.nF'(Xn) by (21.09), and therefore 



By (21.07) this becomes 

a. = O(e~*^’‘'‘'‘^'0. 

Since e is arbitrary, 

a„ = 0(6“'"”''). 

But this would imply that the abscissa of convergence of f(z) is at - f 5 or to the 
left of -^5, which is contrary to our assumption that it is at zero. This com- 
pletes the proof of the theorem. 

22. A function with zeros having a density. Theorem XXX is obviously 
contained in 

Theorem XXXI. Let { 2 :„} he a sequence of complex numbers such that 

(22.01) lim - = jD 

n*^oo ^11 

where D is real, and for some c > 0 let 

(22.02) \zn — Zm\ ^ c I n — m |. 

If 

(22.03) W = 
then, for any e > 0, as r oo 

(22.04) F{re'^) = 0(exp {rDrlsin d\ + er}), 
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and, as n — > oo, 
(22.06) 


) { - irDr I sin 8 1 -}- er}), 


rc ~ Zn I ^ ic, 


\F'(Zn)\ 


= 0(6''*'*'). 


1 ? >S required m tlie next chapter. (22.02) can be considerably 

weakened but we .shall not concern ourselves with this aspect liere. Our aim is 
to use the results like Theorem XXXI to obtain a variety of gap and density 

heoiems rather than carefully to investigate Theorem XXXI and similar 
rGsults . 

Proof of Them-em XXXI. Let us choose an . > 0. For fixed s and e let 
U,.! be divided into three classes, I, II, and III defined as follows: 

Zn el, I Zn I ^ (1 — e) I 5! I, 

Znell, (1 - €)\z\ < \zn\ < (1 H- e) I 2 I, 

Zn 6 IIIj \ Zn I ^ (1 -j- e) j 2 |. 


(22.07) 


Then 

(22.08) 


A I II III / I 2 

Since 7i/2„ -> D the number of 2 „ in .II for sufficiently large | 2 | is loss than 
26 1 2 I (O + 5) for 8 > 0. Thus 


(22.09) 


IT 


1 - 


= ri 3 = ^ g-lelBUD-l-J) 


lA-om here on we assume that 2 is in tlie riglit half-plane. For sufficiently 
n.rire n 


1 

1 ^ 1 

Zn 

1 ~ zVzl 

1 1 + 2 / 2 „ 1 1 1 — zjzn 1 “ j 1 - 2 / 2 ,, 1 

z — Zn 


ijet a value ol n which makes \z — I 51. TYllTiimiiTn Iv/a AT ''PU/ 

I 2 — 

Thus 


\ S \ Z — Zif \ -\- \ Zn — Z \ -^ 2 \ Z ~ Zn 


and therefore 


\z — 2n I 1 2jV — > 2n I 


Using this in (22.10) gives 
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1 - n 




By a prime we denote the omission from a product of the term n = N. By 

( 22 . 11 ), 


R' 


sn 


/ 2 1 


n" I 1 - zVzl 1 If I 

If M represents the number of Zn in II, then since \ Zji — Zff \ '^ c \ 7i — N \, 

n' |, s 2"{(i + ^)iMi"n' , ^ 

II 11—2! /Zn 1 II C| W — A' 1 


( 22 . 12 ) 


Clearly at most two terms | n — TV | in the product on llie right above can be 
equal. Thus if [^{M — 1)] represents the largest integer less tlian or equal to 
^{M — 1), then 

n'l«- S HUM - l)l!f. 

II 

Thus (22.12) becomes 

] /o\ M I - 


II 1 1 — 2 /2:n 
By Stirling’s formula this becomes 


0/ 


1 1 — ^^/zi 1 \c 




M SM -M log M 


< 


e”' exp {M log \z\- M log M} 

But M S 2e I s I (D + 5), Since x log l/;c < for x > 0, 



A log Al < fy Y'^ < 

= tisi/ 

(2^\z\0 4 




Thus 



(22.13) 

5 1 1 - z'^/zl 1 - ( 

2.U|(M*S) 


ineU|(e-l- 5 ) ^U|(2£(n-N))V2 
6 


Since z lies in the right half-plane, 

1 1 ^AT i 


\ \ — Z Jzt{\ \z ~ Zn\\^ z/z. 


< 


2|2 jv| 


A \Z ■— Z/f 
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By the minimum property of , for large | s j, | | < 2 | 2 ]. Therefore 

1 4j2l 


j 1 — !%% j I s — 2jv r 


Also 


412 


4|2 


> 


4 1 2 


\z — Zn\ j2| 4- l^ivl jz] + 2\z\ 
Thus regardless of whether or not z^- e II, 

TT L < , TT/ _ 

11 1 1 - z^/zl I ~ I 2 — I II I 1 — z / 

Using (23.13) it follows for large I 2 I that 


> 1 . 


•2 ,‘i 


II 


< 


1 — z^/zi I \c 


!*UI(2>|-«) lOtUKOIS) Ul(3t(«+S))l/ 
e e 

\z — Zn\ 


It lollows liom this result and (22.09) that there exists an A indepiaidcnt of 
1 s I, d, and e such that for large | 2 | 


If Z) = 0 let e = },. Then 


(22.15) 


2 — 2*^ C’ 




11 




1 - ^ r 


I 5)1/“ 


^ C 


11 D > 0 let 6=1. Then if B = A{1) 4 1) 


1/2 


z — Zn\c 


-n\z\e^l~ 


II 

II 


^ Until oth('rwis(' slated we sliall assume D > 0 in wlial- follows. For suffi- 
ciently large , since n/z,, — > D, 

D“zi — 


(22.17) 




n ^ No. 


Let 2 „ e I or 111, (n ^ No), and [ 2 , 1 1 ^ 2 | 2 j. Clearly 

I - z^l/ I ^ I - /If I - 1 f - ifzl |. 

feince Zn e I or III, | | 2 ,,, | — | 2 | | ^ ^ I 2 ; |. Using this and (22.17) tlio above 
inequality becomes 

I n — 2 “D^ I ^ D“€ I 2 I I 2 » 4 2 I — I Zn 1“ 

^ I 2 I I |2 1 - ^If/ I 2 P = llf, 1 2 1^(1 - 6). 

For sufficiently small e this becomes 
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(22.18) 

Using (22.17) and (22.18), 
(22.19) 1 - 6 ^ 


2 r\2 2 

n — D z 




1 

zl(n^ - 


^1+6, 


n No, 


for I 2,1 I ^ 2 I 2 I and 2 „ « I or III. Since 

.. 2/..2 7-^2 .2 

( 22 . 20 ) 

(22.19) becomes 

( 22 . 21 ) 


z\zlD^ -n^) _ 1 - zVzl 


1 - e ^ 


1 - z^/zl 


^1+6. 


1 — z'^D^fn^ 

Clearly for large | z | there exists a positive constant Ci , such that 


1 _ Q 1 rt I 

1 ^ TJ 1—2 /2„ 

Cl == Y 1 1 - z^jy^ln^ 


^ Cl. 


The last two results give, since the number of 2 ,, in I is less than 2 | 2 | 7^ for 
large [ 2 1, 


( 22 . 22 ) 


Ui - n 

Li I 








1 - 


^ Cid + e)^'^'" II 


1 - 


z'ly^ 


For I 2 „ 1 ^ 2 [ 2 1, by (22.17) 


1 7^2 2 I 1 2 

1 _ f C 6 I 2 I ^ 
8 n^~^fz\^^ = 


1 + 


z^zlD"^ - n“) 

zW - lif) 


,2 2 I |2 


< 


1 -\- 


1 D'e \z. 

8 — 1 2 pi)‘V 


Since 2 „ ~ n/D, for large | 2 [ this becomes 


1 - 


€\z\^D^ 


1 + 


z\zlD^ - n^) 

zW - z^lf) 


^ 1 + 


^\zfjf 




Using this result with (22.20) and (22.21), 


(22.23) 


(1 n (i- 5 hi!E)gn 

Pn|§2|z| \ W- / HI 


1 - ijzl 
1 — jy^z^fT? 

S (1+ e)*'"'” 


n (1 + 

I*nlS21z| \ 

3 that 

S, + 2 : 

I^2|a| \ n / \ n>lz|0 7r\ 


e\zY D 
n? 




Since for small a', 1 + a: < e“ and 1 - a; > it follows that 


I *nl & 2| 


5'2 


A FifNcrriON wri’rr ziorob i-tavincj a d^nsitt 


07 


and 


II (l-‘L"C-)aexp(-26Upi^' E 

1^21^1 \ n- ) I »:r|7|/; ny 




|2nl^2| 

OliiLS (22.23) beeoines 


-Sefllisl 


sn 

III 


1 - z^/zl 


1 - z‘Wyn^ 


^ e 


4eD|j 


Combining tliis result with (22.22), (22. IG), and (22.08), 

1 _ 

I, III n-^ 


g-iiUleVS-iaeUIW JJ 
Cl 


(22.24) 

^ 1 F(z) 1 ^ JJ 

I. Ill 

From the produet formula foi* sin tz, 


z^D^ 


(22.25) 


II 

I, m 


, zD~ 

1 sin ttDz 

n- 

I ttDz 


n ^ 

n I 1 - z^ D^n^ 


Lot Ni be a value of n such that ] Dz — n \ is a minimum for n = N\ , 3''hcn 
proceeding just as in getting (22.10), 


^11 

II 


(22.26) \zD - 
Using this result in (22.25) gives for large | z 

lsin7rD.jir'^"'-'l‘‘'^ ^ II 

I, in 

'’.riie above result in (22.24) gives 

(22.27) 

For large ] 2 j if s = rF\ 

sin ttDz 

zD:rWi 




n- 


^ c 


i<Uin/a 


_ z^D'^ 


sin ttDz 

n~ 


zD-"Ni 




\z — Z!f\\ sin ttDz I e 


^ I F(z) 1 ^ Cl 


^ exp {irDr 1 sin 0 1 }. 


sin tDz 
zdZI'Wi 




Thus (22.27) gives 

I F( 2 ) I S Cl exp {3i?r€^^^ H- G^Dr + xDr | sin 0 | } . 
Redefining e this gives 

F{z) = 0(exp {irDr \ sin 0 J + er}) 


which is (22,04). 
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Again from (22.27) 


(22.28) 


Z — Zn\ C: 


^ ~ exp { — 3jB 1 z 1 — 12€D 1 s | } [sin rDz |. 


In exactly the same way as (22.28) is obtained, 


I 2 — Zn\ Cl 

can be obtained. Thus 


^ ~ exp { — 3J5 1 2 j ~ 12eD 1 2 1 } | cos irDz 


^ ~ exp { — 3 jB I 2 1 — \2eD 1 2 1 } max (j cos -kDz ], | sin ttDz |). 


1 2 — Zff\ Cl 

Redefining e it follows from this for large | z \ that 
I m I ( I o I 


(22.29) 


^ exp {rDrl sin 0 [ — er}. 


Letting z Zk , Zi^ must eventually become 2 /, . Thus (22.2!)) gives 

1 F'M I S 

which is (22.06). From (22.29) it also follows at once that 


0(exp { — TrDr ] sin 6 [ + er]), 




which is (22.05). The results proved so far all liold for z in the right half-plane. 
But since F(z) is even they must hold for all z. Thus for D > 0 we have' demon- 
strated Theorem XXXI. 

If D = 0 we already have (22.15) which states 


(22.30) 


2 — 2Ar e 


sll 1 


^yiPiai/2 


where 2 „ e II if f [ 2 | < | 2 „ ] < f | 2 : ]. In I, \z,i\ ^ | | z |. Odius 


(22.31) 


IS n 1 

I 


For large 1 2 „ 1, if D = 0, | z,, | > w. If K is the number of e I, then 

¥ ^ 4 - m)- 

Using Stirling’s formula for K\, this becomes 

2 / 2K \ 

(22.32) n 2 ^ = 0 (exp {5Jf -1- 2X log (UI/JOD- 

But for large | 2 j since D = 0, /c < e j 2 | for any e > 0. But since 
X log 1/x < x^^^, 
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K 


loo; 

^ K - 



1/2 


©)" 


< 


1/2 


Using this and A' < € ] 2 [ in (22.32), 


II 2 

I 


2 ; 


0(c 


6eU|-|-UI«l/2> 


Thus (22.31) becomes 

(22.33) 1 S II 

I 

In III, 1 1 ^ f 1 2 1. Thus 

(22.34) II (1 - i) i II 

III \ Tn/ HI 


= 0{e 


rie|2M-|a|«l/2 


). 


Zn 


II (1 + ^ 2 ) 

HI \ r„/ 


But 


II (1 T ^ exp|)“ Z) 4). 

III \ rj I HI rj 


Let A(w) be the number of /•„ < w. Tlum the above inequality becomes 

11(1 - ’T Sexp|r/“ 

lit \ riJ I •'■•'i* M- J 

^ f“ 2K(«) , \ . / /ei 

exp (/• / ,, du) ^ max 

“ i J‘ir /2 LV' J i u£ 3 r /2 U 

for large r since li{u)/u — > 0 as u — > In much the same way 

II (1 - ”() s 

HI \ ?•„/ 




Thus (22.34) becomes 


- 2 .UI 


^II 


III 


zl 


< 


Clombining this with (22.30) and (22.33) gives 

1 2 ~ 2 ), 1 c ^ I F(z) 1 

= 0(exp [A. I 2 I 8^''^ d- 5 6 1 2 1 1 2 ] -\- e] z 

Iledefiniiig e in terms of e and 5 above, this gives 

1 2 ~ 2 )v I ^ 1 Fiz) 1 ^ . 

The conclusions of the theorem now follow easily for A = 0. 
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CHAPTER VII 


DETERMINATION OF THE RATE OF GROWTH OF ANALYTIC 
FUNCTIONS FROM THEIR GROWTH ON 
SEQUENCES OF POINTS' 

23. Theorems of V. Bernstein. In this chapter we shall prove a sot of 
theorems which, roughly stated, show that the rate of growth of an analytic, 
function along a line can be determined by its rate of growth along a sufficiently 
dense sequence of points on the line. We shall deal exclusively with functions 
which are analytic and of order one in a sector. (Functions of other- rates of 
growth can be transformed by mapping so as to fall under the scope of our 
theorems.) 

The first theorem we shall prove here is the following. 

Theorem XXXII." Let4>{z) he analytic in some sector [ am z \ ^ a. Suppose 

(23.01) lim sup — ^ ^ ^ a cos 0 + 6 1 sin 0 |, 1 0 I ^ 

)•— »oo r 

Let {zn} he a sequence of complex numhers such that 

(23.02) lim - = D, 

n-*<x Zn 

where D is real, and such that for some d > 0 

(23.03) I Zn — Zm j ^ 1 n — 'in ] d. 

If 

(23.04) rD > h, 
then 

(23.05) lim sup = fim sup I . 

^i-^oo j %f\, I r-^oo 7^ 

A special case of Theorem XXXII is the following result. 

Theorem XXXIII. Let (h(z) he analytic and of finite exponential type^ in the 

1 Cf. Levinson, On the groivth of analytic funcliom, Transactions of the American Mathe- 
matical Society, vol. 43 (1938), p. 240. 

2 The theorems in §23 are duo to V. Bernstein, Stirios do Dirichlet, Paris, 1933, chap. 9. 
However Bernstein’s proofs involved rather deep theorems in Dirichlet series whicli are 
entirely dispensed with here and replaced by methods of ordinary function theory. Also 
instead of the complex sequence {«:„}, used here, Bernstein’s proofs are restricted to a 
real sequence. 

3 That is, ^{z) — for some C in the region under consideration. 

lOO 
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half-plane | am z 
(23.06) 


lim sup 

|W|-»oo 


log I <l){iy) 
y 


= ttL. 


If {sn} satisfies (23.02) and (23.03), then 
(23.07) D > L 

implies (23.05). 

It is easy to see by considering sin tz at the points Zn — n that (23.07) is 
critical, for in this case D = L = 1 and it is clear that (23.05) is not true. Never- 
theless we shall show in §24 that (23.07) can be replaced by a much weaker 
condition. 

We now turn to the proof of these theorems. 

Proof of Theorem XXXII. We observe that there is no loss of generality in 
taking a < Clearly, if (23.05) does not hold there exists a c such that 


(23.08) 

Let 


log 1 0(2,0 I . . y log I <l){x) 

hm sup --T’ ixT - ' <: c < a = lim sup “ 

71—^00 1 x*^oo ^ 




Then it follows from (23.08) and (22.06) of Theorem XXXT that the series 

0(3n)e"'"" 


(23.09) 




converges and reiiresents an entire function. Clearly 

g{zn) = 0 ( 2 „). 

Therefore 

(23.10) m = 

is analytic for ] a,m 2 [ ^ Using (22.05), (23.01), and (23.09), it follows from 

0 ( 2 ) 0(2n)c 


(23.11) 

that 

(23.12) 


0(,) = - E -- 

F{z) I F'{Zn)iz - Zn) 


0(2) = 0(« 


(lc| l l«l l-lfc|)|s| 


for \ z ~ Zn\ Id. But 0(2) is analytic for ] am 2 | ^ a. Since (23.12) is 
true on the circles [ 2 — 2„ j ^ Id, it must be true inside, since an analytic 
function takes its maximum value in a domain on the boundary. Thus (23.12) 
holds in the whole sector. 
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From (23.11), (23.01) and (22.05) it follows that 

= 0(exp {r(a cos a + 6 sin a ~ irD sin a + e)} + exp {cr cos oil) 
for any e > 0. Or setting (tD — b) tan a ~ y, 

(23.13) i/'(re'^‘") = 0(e’' 

Since tD > h, y > Q. If we take e < ^y cos a, then (23.13) becomes 
\p{re^'‘“) = 0(e^’‘‘"® “), p = max (a — \y, c). 


In other words \p{z)e~^’‘ is bounded for am z = rta. By the Phragm6n-Lindelof 
theorem, Theorem C, this and (23.12) imply that is bounded in the 

whole sector (—a, a). Thus, in particular, 

(23.14) \l/(x) = 0(e^*), p — max (a — \y, c). 

But from (23.10) 

(j)ix) = \J/{x)F(x) + g(x). 

Using (23.14), (22.04), and (23.09), this gives 


lim sup 


log I <^(a:) 1 
x 


^ max (a - ly, c). 


This contradicts our initial assumption (23.08) and proves the theoi'om. 
Pj'oof of Theorem XXXIIL Let us set 


log I 4>{x) 1 

hm sup M = a. 

X—*DO X 

Then by (23.00) and the Phraginen-Lindelof theorem. Theorem C"', 

lim sup ^ a cos 0 + ttL I sin 6j, joj ^ §ir, 

r— *00 7 ' 

in the right half-plane. Theorem XXXIII now follows from Theorem XXXII. 

Theorem XXXIV. Let 4>(z) be an analytic function in the right half-plane, 
1 am z I ^ such that 

(23.15) ^{re'") = 0(exp ((a log r cos 6 rb \ sin 0 \ -I e)/-}), \0\ ^ 

where a ^ 0, 6 ^ — |a, aiid e is an ai'hitrary positive quantity. If { 2 , 1 } satisfies 
(23.02) and (23.03) and if 

(23.16) D>b + -la, 
then 

(23.17) lim sup — i I ^ 

n— *00 I Zn j 

implies 


[23] 
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(23.18) = 0(exp {7r(p cos 0 h \ sin 0 | + c)r}), 1^1 = 

To sliow that (23.16) is critical wc consider 4>(s) = r(l + z) sin ^ttz for 
Zn = 2n. Then D — and by Stirling’s formula for r(l + z) for complex z, 
Theorem F, 

F(re^®) = 0(exp {r log r cos 0 + er}), | 0 [ ^ |r. 

Thus h = 0, a = 1 and therefore here D = h ^a. But here p = — oo ^ and 
therefore the theorem does not hold. 

Proof of Theorem XXXIV. We shall assume that a > 0, for if a = 0 we 
have Theorem XXXIII. Let 


(23.19) 


<^(z) = 


r(l + azY 


From Stirling’s formula it follows easily that for | 0 1 ^ -iir and large r 

log I r(l + are'*®) ] = ar log r cos 6 — ard sin 0 — ar cos 0 + ^ log r + 0( 0- 


Thus from (23.15) 

(23.20) = 0(exp {(irh \ sin 6 \ + ad sin 0 + a e.os 0 + €)rj), \ 0 \ ^ ^tt, 


and from (23.17) 

(23.21) i^(zn) = 0(exp {(-a log j Zn \ cos 6,, + rp + « + e) 1 z,, 1 j). 


From (23.20) 

(23.22) lim sup I ^ 7r(6 + |a)r | sin 0 \ + ar cos 0, 

V 


and from (23.21) 
(23.23) 


log 

hm sup - -- 


<^(2n) 


— CX3 . 


Using D > h -\- Ja and tlie above two results in Theorenn XXX 111 gives 

log 1 <f>{x) 1 _ 


(23.24) 

We define 

(23.25) 


lim sup 




Oiz) 2^ - Zr.) 


cr^^F{z) 


where A is any real number. That ff(z) exists follows from (28.23). We also 
consider 

- giz) 


xp(z) 


Since g{zn) = <i>{zn), i^{z) is analytic for ) am 2: j g It. From (22.06), (23.22), 
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and (23,25) it follows as in the proof of Theorem XXXII that 
(23.26) ^p(z) = 


Along the imaginary axis (assuming iihn > 1 as we may with no restriction) 


1 4>{iy) 1 ^ max 


4>{iv) 

F{iy) 



F\zJ 


From (22.05), (23.22), and D > h it follows that there exists an Mi > 0 
independent of A such that 


Thus 


F{iy) 


g Ml. 


(23.27) 

Since by (23.25) 


\rP(iy) \ ^Mi+E 


~F'{Zn) 


g(z) = 0(exp {-(/I - e)r cos d + (tD + e)r sin 0}), r oo, | 0 | ^ lx, 
and by (23,24) 

<Kl) ~ 0(e-^' r-4 », |0| < l:r, 
it follows easily from the definition of that 

(23.28) ^Pix) = x -> 


Thus using (23.26), (23.27), and (23.28) 

Hz) = ") 

by Theorem C' of Phragmen-Lindelof. Thus is bounded in tlie right 

half-plane. It follows from (23.27), applying the Theorem C of Phragm6n- 
Lindelof, that 


I I ^ Ml + E 


F'M ’ 


I am 21 1 ^ |t. 


Since the right side is independent of e, e can be taken as zero and tlius 


(23.29) 


\H^)\ s «"^"(mi + E 


<A(2n)e^*” \ 
F'iZn) )' 


Using Mg and Mg to represent constants independent of A, it follows from 
(23.25) that 


I gix) 1 ^ 




0(Zn)e^*" 

F'iz^) 


Since 


0(ic) = g{x) + H^)F(x) 


t 23 ] THEOR.10MS OF V. BERNSTEIN 

it follows from the al;)Ovo two inequalities and F{x) — 0(e*®) that 

Or setting A = a log x, this becomes 


(23.30) 

From (23.21) and (22.06), 

U(0„)6“*"^“‘'n 


|0(:r)| ^ + Z 


r{z.) 
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a: > 0. 


E 

(23.31) 

But for X > 0, 


F'iZrS 


0 I 1 log I Zn/x I COS fln -h (tT^ “f" tt -f" c) | , 


max (e-"“‘°«“/") == 

0gu<oo 


If 5 > 1 is so large that log B > 2(7rp H- a + e)/a, then (23.21) becomes 


E 


F\Zn) 


0 


(exp {(ttp + a + €)Bx + ax/e} E 1 

\ \t„\£hx 

+ E exp { — a \Zn I log B cos 6»„ + (irp + a + e) I 2 J } ) 

|2„|>»a: ’'y 

= 0{x exp {{irp + a + €)Bx 4- ax/e] 

+ E exp I — I 2 „ I (2 cos dn — 1) (tt/; + a -f e) } ) 

|2„|>/1X 

= 0(exp {(irp + 2a + €)Bx|). 

Using this in (23.30), 

<l){x) — 0(exp { —ax log x + (7x)) 
where C — (tt/; + 2a + e)jB + e. Using this in (23.19), 

F(x) = 0(r(l + ax) exp {—ax log x + Cx}). 

Using Stirling’s formula this becomes 

Hx) = 0{e^^). 

Using (23.15) 

Using these last two results and (23.16) in Theorem C' of Phragm4n-Lindel6f, 
it follows that 
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(23.32) 


lini sup l I sill e I + C cos 0. 


Theorem XXXIV now follows from Theorem XXXIII. 

Theoeem XXXV. If in Theorem XXXIV, (23.17) is replaced by 

(23.33) <l>(2ri) = 0(e“*'" ''"') 

where k > 0, then (23.18) is replaced by 

(23.34) ^(re'®) = 0(exp {{-k log r cos d + -wb \ sin 6 \ + e)r}), (1 0 1 ^ I'tt). 

Proof of Theorem XXXV. This proof is very much like the preceding one. 
Plere again we set 

am - 'i'fe) 

r(l + azj 

and proceed with the single change of 

<f)(Zn) = 0(exp { — (a + /c) 1 Z„ \ log | Zn | cos 6n + (« + e) 1 | }) 

in place of (23.21) until we reach (23.30) which, because we now define A. as 
(a + k) log X, becomes 

l<f)(zn) exp { (a + k)z„ log x] 


( M 
1 + 2 


P'M 


X > 0 . 


Continuing from here as in the preceding proof leads to 
4>(x) = 0(exp { —kx log x + Cx]) 


instead of to the 4>(a;) = 0(6^^*) of Theorem XXXIV. This leads instead of to 
(23.32) to the fact that $( 0 )r(l + kz) is of exponential type. Theorem XXXII 1 
can now be applied to <P( 2 )r(l + kz) to give Theorem XXXV. 

Theorem XXXVI. If 4>(3) satisfies the requirements of Theoi'ern XXXIV unih 
(23.17) replaced by 

(23.35) ‘h(2!„) = ''"'), 

and if 

(23.36) k > 2b, 
then 

(23.37) Hz) = 0. 

Proof of Theorem XXXVI. '^(g) clearly satisfies the requirements of Theorem 
XXXV. By applying Carleraan’s theorem, Theorem B, to T( 2 ) we have, 
assuming cl>(s) is not identically zero, 


124] 
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ie^) I oos d (id 


-A £ II log- 1 I Q, - A) log- 1 HR 

where A is some constant. Using (23.34) and replacing A by another con- 
stant di , we get 


■^1 ^ (6 + e) 


/:& 


1 


y dy 


k log R 


L 


7r/2 


jr/2 


COS 6 dd 


or 


-Ai ^ (h e) log R - l/o log Ah 
Letting R oo, it follows that 

2(6 + e) ^ k. 

Since e is arbitrary, it follows that 

2b ^ /c. 

Blit this contradicts (23.2()). ''rims <I>( 2 ) = 0. 

24. A sharper set of theorems. In this section wi' shall provi' sharpi'r theo- 
rems than those of §23. An exam])le of the results of (,his si'ction is given by 
the following theorem. 


Theorem XXXVII. ijct(t>{z) he armlyiic and of intiwnvnlml type in liie sixlur 
\ am z I ^ §7r. Lei"* 

(24.01) 0(Ay) = 0(1), 1 y | . 

IjcI 1 . 2 , 1 1 be a (ieiinence of eoinplex nurnbers anch. Ikal. 


(24.02) 


lim =0^0 

n — ►00 


and such that for sonic d > 0 

(24.03) 1 z,i — z,„ 1 ^ I Vi — in \ d. 

A necessary and sufjicieni condition that. 


lim sup -'' lU r ' ~ 

71-+O0 Zji x~^oo 


is that 
(24.05) 


00 1 

E ^ 


1 1 1 

•* The condition (24.01) can easily lie replaced by 

'“log-M'/KAy)] 


/ 

•/— 00 


dy < 


1-1-7/ 

as will be pointed out in the proof of this theorem. 
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If JD > 0 in (24.02), this theorem is an immediate consequence of Theorem 
XXXIII. However if D = 0 Theorem XXXIII no longer gives any results. 
Thus if Sn = n log (n + 1), (24.05) is satisfied and Theorem XXXVII applies 
whereas the theorems of §23 give no results. 

Another theorem proved here is 

Theorem XXXVIII. Let <^(z) he analytic and of exponential type in the 
half-plane [ am z \ S. Let 

(24.06) 4>{iy) = 0(e’^"''"'). 

Let {X„} he an increasing positive sequence such that 


(24.07) lim ^ = D, X«+i - X„ ^ d > 0. 

^—+00 An 


Let A(u) he the number of Xn < u. If 

(24.08) / dy = 

Ji 

and if 

(24.09) K{y) + t{y) > Ly 
for some positive function t{y) satisfying 


(24.10) 
then 

(24.11) 
Thus if 



< 00, 


lim sup 

n-»oo 


log I 0(Xn) I 


lim sup 

n-^00 


iog I d’C 'g) I 

X 


lim 

I /— >00 


A(y) 

y 


= D 


it is possible that D = L and yet that (24.08) and therefore Theorem XXXVIII 
holds. In §23 it was necessary that D > L. 

The method of this section can best be presented by giving an alternative 
proof of Theorem XXXIII of the preceding section. 

Alternative proof of Theorem XXXIII. Clearly to prove this theorem it 
suffices to show that 


lim sup ^ 0 

n**>oo j Zji I 


lim sup 

«— >oc 


log U(a:) I 


^ 0 . 


(24.12) 

implies 


X 


[ 24 ] 
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We again introduce 

A) •■"<•> 

which by (24.12) exists for any 6 > 0. As in §23, g{Zn) = 0(;3„) and 




is analytic and of exponential tyi)e for | am 2 | ^ From 

(24.15) Wil,)\ £ '‘P. +t PPP . 

Since D > L, it follows from (22.05) and (23.06) that 


(24.16) 


F A '■ 


From the last two results 

(24.17) 'Pi'iy) = ^-^(1/1 y I). 

But i/(z) is of exponential type in the right half-phuie. ddus and (24.17) by 
Iheorem of Ph ragmen- Jindelof, Theorem C', give 


^P(r(p = 


0 1 < 


for some B. From this 


(24.18) = 0(1/1 r), I ,u„ 2 1 S 

Using (24.18), it follows by tlie Cauchy iiitegral theorem that for x > 0 

_ 1 r“iA(s)e-"* ds 


od/NR, 


2Tri •) 

^too 1 *4" S J3 “* 1 

1 

rtp-,, f 

'-ioo 1 + S Jo 

2Tri J 

1 

271 



Or if 

(24.19) 

then for a; > 0 

(24.20) 
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Using (24.18) and closing the path of integration to the right in (24.19), it is 
clear that 


(24.21) H{u) = 0, 

On the other hand, if we use (24.14) in (24.19) it becomes 


1 

Li:. F 


Me 


-too F{s) (1 -1- s) 
Or if w < 5 — 6 


_ <i>{zn)c 1 r 

V T'(2:,r‘ Li 


ICO (h— / i“i-c)s 




That is, if 
(24.22) 


T' F'(Zn) ^iri J-ioo (1 + s)(s — Zn) 


u < 0. 


ds. 


- E 


Fiit){i-\-it)^ r F'{zn)a + zry 


and 

(24.23) 

then 

(24.24) 


lUu) = s 


F{it)(l + it) 


lUl ti 

vx c at 


r F'iZn) (I +Zn)’ 

H{u) = Hx{a) - Jh{u), 


u < H — e. 


The series for H^iu) converges for u < B and rei)resents an anal.ylic func- 
tion. This follows from (24.12) and (22.00). Thus J-h{a) is analytic for u < B. 
If 5 = |7r(D — L), then from (24.10) 


(24.25) 


Mj) 

F{iy) 


0(c"""'), 


\y\~-> CO . 


If «; = w + iv then it follows from (24.22) and (24.25) that Ifi(w) is defined 
for \v \ <8. The derivative Hi(w) also exists in this strip. Thus Hfu) is 
analytic for ( — oo < w < oo ) . 

Since H{u) = //i(w) — Ihiu), it now follows that II {u) is analytic for 
u < B — e. But by (24.21) 


Ii{u) — 0, 

Since H{u) is analytic, u < B — e, it follows that 
(24.26) H{u) = 0, 

Thus (24.20) becomes 


1 -T X 





■a < 0 . 


u <. B — e. 


By (24.18) and (24.19) H{u) is bounded. Thus 
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[24 1 


or 


X iC 


X—^oOj 


^(x) = 0(6>-‘"), a:-> oo. 

Siiico 0(;r) = (j(x) + J*\x)4^(x), it follows that 

limsup S2.. 

a;— >00 X 

Since € can be taken arbitrarily small, wc^ have completed the alternative proof 
of Theorem XXXIIT. 

The essential difference of lliis proof from those of §23 is that here we get 
iA(s) in terms of //(a). In this sc'ction W(' are attempting to rcdine the theorems 
of §23 so that D > L is no longer necH'ssary. W(' shall now se(> how dropihng 
D > h affects the argimu'nt ol th(' alternative ])roof just giv(m. A ]')enisal will 
show tluit the lull lon^e ol D > L is used only in the paragraj)!! containing 
(24.25) wliere w(' ])rov(' that is analyllc, (-oo < u < oc). ('learly if 

— T) (24.25) will no long('r hold and JIx^u) need no long(U‘ be analytic. I'liat 
ffiiu) is analytic lor u < B rc'gardle.ss of how D c.ompar('s with L follows from 
(24.23). 1 hns llu' (piestion l)ecom(\s this. Is lliere any w(‘ak('r coiulition than 

analyticity (hat (am be irnposc'd on I!i(v) that togellun- willi 

f/i(n) = Jlii'ii), It. < 0, 

and a.naly(,i(i for v. < B, imjdic's 

Ih{u) - u < /i? 

That tlu're an' such c.onditions was ])rov(‘d in (4uip(('r V. In ])a,r(Ienlar Tlu'o- 
rem XXIV will be of interest her('. This tlmorem slalns thal- e A(- ) 

and if for i — > co 

(24.27) (/(/,) = r>(c "^'>), 
where 0(1) fs vumotone increaMng and 

(24.28) 

then if the Fourier Iramform of G{l) coinrAden with an (vnMylu funHion over some 
interval it covneides wiih the analytic function over its entire interval of analyticity. 

In ordc'i- to apply this tlieorem to Hi{u), it follows from (24.22) i,hat it must 
l)e shown that <f>lit)/F(,it) sa,tisli(as (24.27). This is the ol)ject of the following 
lemma. 


Lemma 24.1. If 
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even function d(u), increasing for u > 0, such that 


, then there exists an 


(24.29) 

diy) , 

/ dy = oo 

•'i 2/^ 

and an even function k{y), increasing for ?/ > 0, such that 

(24.30) 

r''4L!/< », 

?/“ 

and 


(24.31) 

.5ri|2/l 

F(iy) 

Proof of Lemma 24.1. 

Clearly 


\y I 


log 1 Fiiy) I = E log (l + 

1 \ X. 

^ 2 j” y 


_ 

2 


I '<^s(l+^')dA(u) 


du. 


Since 


it follows that 


'o u + if 

f- 

Jo t 

log I F(iy) I - 1 2 / 1 = 2 f ” 

Jo u 4- 


2' = 


+ y‘ 


du. 


Or 

(24.32) 

Let 

(24.33) 


log I ?■(%) I - 1 2 , 1 a 2 f” i?! +JU) I 

''1 u y‘ 


du 


2r?W-i.,„-2/.. 


/ 


1 u u^ + ?f 


/ oO 


i(u) 2/’ 


1 u 

Recalling A.{y) + t{y) > Ly, (24.32) becomes 


du. 


log I FUy) \-rL\y\i2 f Mu) - Lu ±m _ 




‘Aiu) -Ln + ((ti) 


du — tiiy) — 2i. 


[ 2.1 J 

If we set 
(24.34) d{y) = f 

•'i 

e(-y) = 6 (y), then 
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" A(u) — Lu -jr t(u) 


u 


du, 
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y > I, 


log 1 F{nj) I - ttL I ?/ 1 ^ 0{y) - h{y) - 2L, 


which gives (24.31). 

From (24.34), Q{y) is increasing and 




dy r A{u) — Lu -jr i(u) 


du 


A y^ Ji u 
°° A(u) — Lu 


-I 


A(u) — Lu r” dy 
Ju y 


du = 00, 


This proves (24.29). 

From (24.33) 

t[(y) = 2 /“ du > 0. 

u (w“ + y^)" 

Thus k(y) is increasing for y > 0. ALso 


f dy = 2 r du 

Jo / ■' Jo !/ Ji uu^ + y'‘ 

= 2 

Ji u Jo ur Ji W“ 


< oo , 


a. 


Proof of Theorem XXXVni. Tf h(w) satisfies the requiia nnents of liomma 
24.1, then by Theorem XXVI for any 5 > 0 there exists a function K{v)) such 
that 


(24.35) 


K{u) = 0 


\i -f W ' 


and the Fourier transform of K{u), k{x) vanishes outside of ( — 5, 5). Thus 


(24.36) 
Ijet 

(24.37) 




du. 


if.fe) = ^2^/2 [, (it. 


114 RATE OF GROWTH OF ANALYTIC FUNCTIONS 

Then by (24.36) 

Kiiiy) = jr- / dt / Kiu)(r^'' 

JjTT J—$ v — 00 

i(y~u) t 


= ^ f K(u) du f k{t)e' 

27r •/— 00 •/— 5 

= (2^)172 / ■ K{u)K(u - y) dw. 


du 

di 


Or for y > 0, 


1 - r 

I i'^i(« 2 /) 1 ^ 7 ?rAi 7 o I ~ 2 /) I / I 1 du 

) “ —oo<^u<^y/‘i w— 00 

+ max I K(u) | / 

2//2<m<;oo •'1/ 

2 

= To^Cm I I / I I 

(^TTj |m|Si//2 A-oo 


Using (24.35) this gives 

(24.38) Ki(.iy) = 0 C 

On tlie other hand by (24.37) 


¥')’ 




or 


(24.39) 


K,ix) 


0(e®0, 


Also from (24.37) 

(24.40) Ki{z) = 0(6"*'). 

As in the alternative proof of Theorem XXXIII it suffices to show 

(24.41) 


Ihn ’“e UW 1 s 0 

JI-+0O- Xn 


implies 
(24.42) 
We define 


lim sup ^ 0. 


= E 

1 [An 


(Xn)(2 Xft) 




[VI II 


— ;//) I du 


y I o-j . 


;r > 0, 


X - > CO . 


tluit 


(24.43) 


I 24 ] 

with e > 5, tbiid 
(24.44) 


A srTAi{,pi*:ii si-rr of thiooih-:m.s 


/ ” o(^) . 


Ilf) 


Then as before g(z) is an entire function and ^(z) is analytic and of exponential 
type for | am z [ ^ -yTr. From (24.44) 


(24.45) 


1 'Piw) 1 


4>{iy) 

Wu) 


4 -E 


(f>(zn)e 

(2n)(f?y Znj 


By (24.40) K.i(z)\f/{z) is also of exponential type for | am z | ^ By (24.38) 
and (24.45) 


But cj>(iy) = 0(c"'''"'). Thus using (24.31), 

(24.46) lu(iyMiy) = 0 ^ = 0 . 

It now follows from Theorem C' of Idiragm^n-Lindelof that for sonu^ B 


y\~> CO . 


Iu(z)^Piz) = 0 




or 


(21.47) 




n,m 


a,m 


“ Itt, 


< }. 


■K. 


Using (24.47) it follows by ('au<4iy’s inUigral theor(>m thal^ foi' x > 0, 


Ki(z)xp{z)e: 


r-K,m{s)e 

% J—ioo 


(Is 


Z — .S' 


1 

27r'i 


f /v,(.s)./-(.s')<r" d.-: I ir"'-— ’ dv 

J— -too *^0 

J rtOO «too 

( ,r--,h d.‘: 

0 J— ioo 


Here we arc following almost identically tlu^ albu-iuitive proof of Th(a)r<nn 
XXXIIl. W(^ define 


(24.48) 

Then 


//(«) = T. / . 

JiTCl J—ioo 


Ki(z)<Hz)e-‘“ = r B(u)e-"du. 
Jo 
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Using (24.39) this gives 


(24.49) 


^(x) = 0 I H(u) I du^ , 


[VI 1 1 


X 00 . 


Using (24.47) in (24.48) we can close the path of integration to the right 
and obtain 


H{u) = 0, u c 0 , 

On the other hand, using the definition of \p(z) in (24.48) gives 

- 2S' U W) L 2~. -73^- *• 


m 

By (24.40) this becomes 


F'{Xn) 


_ 1 CKiiUMiOe 

2x i. P(a) ” ” r F(^ 

H{u) = Hi{u) — Hziu), 

frM- 1 r ,, 


for u < 5 — e — 5. Or 

(24.50) 
where 

(24.51) 
and 

(24.52) 


n < B - 2€' 


H,{u) = Z 


27r J -00 F{it) 


F'{Xn) 


u < B — 26. 


The series for /^(w) converges for u < B - 8 and therefore certainly for 
u < B ~ 26 and represents an analytic function. Thus Hi{u) is analytic for 
u < B — 26. 

Since 0(ii) = using (24.31) and (24.38) gives 


mmit) ^ „ A 

F(it) ~ "V 


jr)> 


-> 00 , 


Thus if 


G(t) = (2,r)'^' Kx {it)<i>(it)e 
F{it) 

then G{t) satisfies (24.27) and (24.28); and by (24.51), Hi(u) is the Fourier 
transform of G(t). Since we have shown H{u) = 0, w < 0, it follows that 

Hi(u) = I-h{u), u < 0 . 

But Hi{u) is analytic, u < B — 26, and Hi{u) is the transform of G(t). Thus 
from the remarks following (24.28) 
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Hi{v) = lUu), u < B ~ 2e, 

or H(u) = 0, (u < B — 2e). Using this in (24.49) gives 

f(x) = 0 ^ I H(u) I e"“" du^, oo. 

By (24.46) {ind (24.48), H{u) is bounded. Thus 

Hx) = 0(e^'+"‘^") = 0(e®'"), .r -> 00, 

since e > 8. But <jl)(x) = g{x) + Fix)<j)(x) and therefore (re) = 0(e^‘"'’). 5 can 

be chosen arbitrarily small and therefore so can e. Therefore (24.42) follows 
and the theorem is proved. 

In much tlie same way the following theorem is proved. 

Theorem XXXVUI-A. Theorem XXXVIII remains true if (24.06) and 
(24.08) are both replaced by 

for an even fimction d(y) increasing for y > 0 and satisfying 

r «(!/). 


y \ — ^ 00 , 




We now turn to the proof of Theorem XXXVII. 


Lemma 24.2. Let 


(24.53) 


00 / 2 \ 


where { 2 ,,} satisfies the requirements of Theorein XXXVII. Then 


(24.54) 


0(6-"'"'), 


y\ -> 


where 6{y) is even ami increasing for y > 0, and 


(24.55) 


I 


Proof of Lenmia 24.2. If Zn = rnc’"" there is 110 loss of generality in assuming 
that On ^ i’TT. We have, if f (^^) is the number of \zn\ < u, 

log I F{iy) I = 2 log'll + cos 2dn + j 

^i?‘og(l+|)=ljf log(l+|5)df(«) 

[' dtiu) > iU\y\). 
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Thus if wc take Q{y) - ii'd Z/ 1), then (21.54) is satisfied. Also 


1 / 4 Ji h y 


Since n/s„ — > D, letting A. — > co we have 


1 UA) 
4 A 



This proves (24.55) and completes the proof of the lemma. 

Proof of Theorem XXXVII. The proof follows word for word the alternative 
proof of Theorem XXXIII except for the facts that (24.16) and (24.25) are 
both replaced by 


(24.56) 


F{iy) 


1 7y I ~> CO , 


and that HAu) is no longer analytic, which nullifies the argument from (24.25) 
to (24.26). Equation (24.56) follows from <j>{iy) = 0(1) and (24.54). 

To replace the argument from (24.25) to (24.26), we recall that 



<h{it)e uu 
F{ilA{l+it) 


If we set 


n(A _ 1 

{2TTy'U^^t)(lTW 

then Hiiu) is the Fourier transform of 0(/.) and by (24.56), G{1) satisfic's (24.27). 
Thus by the argument following (24.27), since by (24.21) //(m) = {), {u < 0), 
or in other words Hi{u) = (u < 0), and since HA'ii) is analytic; for 

u < B — e, it follows that 


/4i('a) = Ih{v), u < B - e, 

or in other words that H{u) = 0, {u < B - e).. This is (24.26), and the argu- 
ment now again follows exactly the altc'rnatiye proof of ddieorem XXXfll.^’ 


111 v.iisi'. <l>{iy) is iiol, homulcd lait sati.sfio.s 



l og'*' I ^jiy ) I 
1 + 2 /" 


dy < 




a function Kiis), analytic and bounded in the right half-plane, is introduced which satisfies 
log I Kfiy) 1 = -log+ I <l){iyy |. KiG) is used in much the same way as a similar function 
also designated by KAs) is used in the proof of Theorem XXXIII. KAs) == 
where 


1 r“ 

uix, y) = ~ / 


xlog+ l ^(i,j) I 
+ (y - vF ^ 


and ?j(x, y) is the conjugate function to:w(ic,' y). 


A SHARPER, SET OF THEOR,EMS 


119 


[ 24 1 


00 -< 
^ 1 

r ■ 


is a necessary condition. Let us assume 
(24.58) 

Tlien 


00 , 

1 \^n\ 


_ TT — 2n) _ TT / , 

tic i 
00 

E 


20 


.)(' - ^Ti) 


"L Z J \ Zn 

exists and is analytic in the right half-plane, since, for x > 0, (24.58) gives 


2z 

A 

8 

^8 

22 

Zn + 2 

■ 1 

2„ + 2 


< oo . 


Since for x > 0 


it follows that 


\Z Zn 

^ 1, 

2 - 

U + 2„ 


2 -h Z,i 


^ 1, 


\H^) i ^ 1. 


0 \ ^ iir. 


Thus 4>{z) stitislies the requirements of Theorem XKXVll. But = 0, 

and tlius. 


(24.60) 


lim 


If (24.58) were sufficient for Theon'in XXXVII, (24. 00) would iin])ly 


But this and (24.59), by Theorem C of Phragm6n-Lindelof, imply ihat 4>{z) = 0, 
which is impossible. Tims (24.58) is insufficient for 4’heor(an XXXVII, or in 
other words (24.57) is necessary. This completes the proof of Theorcim 
XXXVII. 

Theorem XXXIV can be refined by the use of Theorem XXXVIII to give 
the following: 


Theorem XXXIX. Let 4>(2!) he an analylie functio9i in the right half-plane 
I am 2 1 ^ -Itt such that for any « > 0 

(24.61) 45(r(;4®) = 0 (exp { (a log r cos 6 irh \ sin 6 \ 4- e cos 0)r)), 1 0 1 ^ Itt, 
where a ^ 0, b ^ — |a. Let {Xn} be a positive sequence satisfying 
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lim - = D, Xn+i - Xn ^ > 0. 

n— *60 An 


Let A{u) he the number of X„ < u. If 

*” L{u) — (h + la)u 


i: 




du = CO 


and if for some 'positive t(u) such that 

1 


I 


du < CO 


the inequality 

holdh, then 
(24.62) 


A{u) + t(u) ^ (6 ^a)u 


lim sup — ^ 

n-*oo An 


implies 

(24.63) cF(re’'') = 0(exp \Trr{p cos 0 + 1) | sin 0 | + e)}), | 0 | ^ 

for any e > 0. 

Proof of Theorem XXXIX. As in the proof of Theorem XXXIV, we consider 

4,(,) = . 

r(l + a2)- 

Proceeding as in Theorem XXXIV, it follows from Theorem XXXVIII that 

lim L#ll = 


CO . 


Then (j{z) is defined as in (23.26) and 

F{z) ' ■ 

However, instead of working with ^(^{z) we work with 4'{z)Ki{z) where Kxiz) is 
defined as in the proof of Theorem XXXVIII. Thus (23.27) is replaced by 

l<^(X„)Xi(Xn)e'*'" 


'l'(iy)Ki{iy) I ^ Ml + 2 


M(Xn) 


is Theorem XXXV 

IS related to Theorem XXXIV is the following theorem. 

Theorem XL. If, in Theorem XXXIX, (24.62) is replaced by 
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I 21 J 

HK) = n-> 00, 

with k > 0, then (24.63) is replaced by 

ci>(re‘'’) = 0(exp {(~/c log r cos 6 + e cos 0 + irh \ sin 0 |)r}), 1^1^ l-w. 

The proof of this theorem follows closely that of Theorem XXXIX in just 
the same way as the proof of Theorem XXXV follows closely that of Theorem 
XXXIV. A sharper result tlian Theorem XXXV 1 is the following theorem. 

Theoekm XIJ:. If, in Theorem XXXTX, (24.62) is replaced by 

(24.64) lini X., ^ ^ ^ 

7t-+o0 Xjv 

thcAi fl>(0) ^ 0. 

Proof of Theorem XLI. Applying (24.64) to e"Ti>(2), (7i > 0), it follows that 
(!"^"4(X„) = 0(c“'"^”'“«^")- 
Applying Theorem XL to c"'4(2), it follows that 

(24.65) 1 f.h(2) I ^ Bi exp {( — 21) log r cos 6 — B cos 0 + 7rb | sin |)r} , | | ^ Jx, 

where Bi is a constant depending on B. Ai)plying C-a,rleman’s theorem, Theo- 
rem B, to 442), we have, if 4»(2:) ^ 0, 

1 / 1 1 \ 1 

-Ai ^ log I MiyM-w) I dy + log 1 4>(if (;’'’) | cos 0 dQ, 

where Ai de])ends only on 4(2;). Using (24.61), this becomes 

I Q* - I I 

where A^ depends only on 4(2). Applying (24.65) tliis becomes 

A ^ 1 ^ , -2hlogR - B A-G r'^ 2 , ,,, 

— A2 ^ b log li + s- / GO 8 e do 

TT 

+ b f 1 sin 0 I cos 0 dO + f c‘,os 0 

J—r/Z TTli J-W2 


do. 


Or 

~A’2: ^ -T !■€ + 6 •+■ —n lof? 

ttM 

Jjetting li 00 we see that by choosing 

B !> 2 A 2 T" 25 “L e 

we obtain a contradiction. Thus 4(0) s 0. 
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26.® An extension of a theorem of Iyer. Here we use the method of §23 on 
another problem. 

Theorem XLII.’' Let [z^] and [Wn] be two sequences of coinplex numbers 
such that 


97 

lim — = Hi > 0, 


lim — = Ha > 0, 

n-^oo tVfi 


and for some d > 0, 

\zn - z„,\ ^ \ n - m\d, \w„ - w,,, | ^ \n - 7n\d. 
Let f(z) be .an entire function such that 
(25-01) fi^Zn) = 0(1), f{±.iw,) = 0(1), 

and 


(25.02) lim sup I = k< t(D! + Diy'\ 

|z|->oo \Z\ 

Then f{z) is a constant. 


n 


00 


J 


^ That the theorem is best possible follows from considering f{z) - 
sin ttDiz sinh tD^z with Zn = n/Hi and Wn = n/D-i . 

Proof of Theorem XLII. Let 


(25.03) a — ttHi , h = rHa , a = tan ^a/h, 

and let 


w^) = n(i-4)> «^) = ]i(i + 4). 

^ \ Znf 1 \ Wn/ 

Then Fi{z) and Fi{iz) satisfy the requirements of Theorem XXXI and thus 
we have 


(25,04) 


H((rh2n) 


= 0(e‘'"«'), 


1 


H2(±w„) 


= 0(c‘'’'"’'), 


s Cf. Levinson. Integral functions bounded on sequences of points, Duke MaUiomatical 
Journal, vol. 4 (1938), p. 170. 

Iyer proved this theorem for real sequences {sh) and {ta„) with (25.02) replaced by the 
more restrictive condition 


k < IT mill (Di , Ds) 

or else with (25.01) replaced by 


lim 1 

n-t-oo I Zn I 


lim 

n-+oo I Wn I 


V. G. Iyer, On the order and type of integral functions 
of Mathematics, vol. 38 (1937), p. 311. 


bounded at a sequence of points, Annals 


r^5 1 

EXTENSION OP 

(25.05) 

Fiire"^) — 0(exp [ar | sin 

(25.06) 

Hm«) = • 

(25.07) 

/-Vre-*) = f- 


For 7 > 0 let 
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FaCre'") = 0(exp {6r | cos0 | +€?•}), 


\z dt Zn\ ^ id. 

2 ± iwn I ^ id. 


(25.08) 


\p{z) = 


/(i) 

h(2)F2(2) 


exp ( (2 2,i)( 5 ilT ! a -)- 7)} 

1 Pi{z,yF<i{zn)\z ~ z,) 


— v/(~ exp {( 2 H- iWn){- ia — + n)} 

1 Fi(— iWn)F2(— iWn)(,Z + 

The series converge l)y (25.01), (25.04), (25.00) and (25.07). For any e > 0 
and small 5 > 0, 

) — 0(oxp { {a sin (a; — 5) T b cos {a — 5) — /c — c}r j 
+ t'xp { - (^' - 7)^’ cos (a - 5) + (5V«)/’ sin (a - 5) ) 
+ exp {(a - 7)r.sin {a - b) - {or/b)r cos {a — 5)j). 
Since tan a = a/b, simple calculations give 

a sin (a - 5) + b cos (« — 5) = {a^ + oos 5, 

- b cos {a - 5) + sin (« - 5) = - {a + sin b, 

a 


a sin (a - 5) - ^ co.s (a - 5) = - ,sin b. 

0 b 

Thus (25.09) becomes 

^(,.^y(«-i)) {-[(«“ + cos b — k - e]r} 

(25.10) -h exp {77' - (a^ + hy\h/a)r sm 5} 

-1- exp { 77 ' - {(C + bY'\<yi))r sin 5}). 

There is no essential differeiuie betwuam the cases a > b, b > a. Here we 
assume that a ^ h. Then if 


p ~ (a^ + hy%/a, 

it follows that 


and ( 26 . 10 ) becomes 


P ^ (a' + by%/b 
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= 0(exp {-•■(«” 4- hy^v.osC) 4 (h 4 c)r\ 

(2641) 

+ cxj) {y;- — pram 5}). 

Let us choose e = |[(a^ 4- — k]. Then since (a^ 4- > k we can 

choose 5 > 0 so small that 

y 4" cos S — k — e > p sin 5. 

Thus (2541) becomes 

We now introduce a small rj > 0 and take y = ij sin 5, Then 
(2542) = 0(6“^""”^'^"''). 

Similarly 

(2543) = Q(g-(p-,)8in5^_ 

From (25.08), 1 /^( 2 ) is analytic and of exponential type for — -r + « < am z < «. 
But by (25.12) and (25.13), 

(25.14) 


is bounded along the lines am z — a — 6 and am 2 = — x + cv 4 - b. 'Flius by 
Theorem C of Phragmen-Lindelof, (25.14) is Iwunded in tlie entire sector 
— X 4- a + 5 ^ am 2 ^ ce — 5. In particular then it is bounded for am s = 0. 
Thus 


^P{x) = 06-^^’"’'^""’”“, 

Recalling p = (a^ + by~{h/a) and (25.05), this gives 
^P(x)Fi(x)F 2 {x) = 0(exp I {6 4- € 4- 17 - (a“ + 1^% sin a/a\x}), 
Since (a^ + b^^ sin a = a, this becomes 
(25.15) Hx)Fi{x)F2(x) = 

But by (25.08) 


fix) 


= i(x)Fiix)F2(x) + 




X — > 00. 


— > CO . 


X - > 00 . 


4- Fi(a;)F2(a:)6"'*’^“"'^^"“““"^'' ^ 

i 




Fii— iWn)Fi(- mn)ix 4- w„) * 


Using (25.15) and (25.05) and recalling that a ^ 6 , this gives 

fix) = 0(e^'‘-''’’+'^^*), 


But y = r] sin 5 and e and rj can be chosen arbitrarily close to zero. Thus re- 
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( 2,5 


dofiiiitiK c wo obtain f(:r) (x -> for any .r. Bui/(-- 2 ) possesses 

l'h<r sanu^ l)i'op(vrt,ios as f{z). Thus the result, holds for ncgnlivc .r. Thai, is, 

(25.16) f(x) = 

If 


a: — > 00 . 


liin sup j ^ = c, 

li/l-*oo I y I 

thou it; Isjllows fi’om (25.16) and Theorem C' of Phragmfin-Lindelof that 

f(z) = 0(6"''’'*^®'+^’'). 

But by Theorem XXXII since Da > 0, 

log i /(rb iWn) I 


c = lim sup 




Thus c == 0 and 

(25.17) f(z) = 0(e‘'“‘). 

IjOt 2 ._„ = —Zn and iV-„ = — . For any N > 0 let 

f(z) ^ f(z.) 


HM 


- Y) 

1 '\(Z)F,(Z) ^ F[(Zn)F,(Zn){z - Zn) 


(25.18) 

_ ^ 

— *> Fi(iWn)F!i{iWn){z — iWn) ’ 

where; the terms w = 0 are omitted from the sums. By (25.06) and (25.07) 
tlie s(;nes (!()nv(;rge an<l is of exponential type. Also by (25.06), (25.07), 
and (25.17) 

///,(±nr-"‘“) = + 1/r). 

Sinct; € c.an be taken arbitrarily small, it follows that 

(25.19) //^(±r«="'“) = 0(1), ,-->00. 

Thus Hrf(z) is bounded on the lines am 3 = ± a, d= (vr — a). Thus by Theorem 
C of Bhragmdn-Liiidclof, it is bounded in tin; entire; plane and therefore a con- 
stant. But by (25.19) this constant must be zero. Thus (25.18) becomes 

rw = (t 

V-oo Fi{zn)FM( 

fiiwn) Y 

iWn)/ 

By (25.01) there exists an M such that 


(25.20) 


FiizjFMiz - Zn) 

CO 

+ E 


-00 Fi(iwn)Fi(mn)iz — iw„)^ 
1 /(± 0 ») I ^ M, I f(dziWn) I ^ M. 
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Thus by (25.20) there exists a C > 1 independent of N such that 

|/"'(2) I ^ 

or 

\f(z) 1 ^ 

Since N can be chosen arbitrarily large, it follows that 

But this means f(z) must be a constant. This completes the proof. 
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CHAPTER VIII 

AN IN.I-]QUALITY AND FUNCTIONS OF ZERO TYPE 


26 . Generalization of a problem of Polya. In this chapter wo shall prove an 
inequality and show how it leads to a (ionsiderablc extension of results of P61ya 
on functions of zero type. The inequality is 

dhiEOREM XLlll. Let M{x) he a positive even function monotone decreasing for 
increasing \ x | . Let AL(x) — > oo as x — > 0. Let f(z) be analytic for (| a' ] ^ a, 

\ y \ ^ li) and let 

(26.01) . l/(:r + iy) \ ^ M(x), j a; ] ^ a, \ y \ ^ h. 

If 

(26.02) f log M (x) dx < oo, 

Jo 

then there exists a constant C, depending only on M(x) and 5 such that 

(20.03) |/(.r + iy) \ ^ C, j | ^ a, 1 y 1 ^ b(l - 8). 

We shall show in (3iai)t('r IX that Theorem XLIIl is a best possible result.^ 
Th(^ i)robl('m of Polya, which we shall soneralize lun'c is the following: Let 
(r(z) be an entire function such that 

(26.04) lim sup ^ ^ 0. 

If as n — > 

(26.05) f/(d='/0 = 0(1), 
then G(z) is a constant." 

Roughly what wo shall show is thalf instead of (r(±/i) = 0(1) it suffices for 

(/(drX,,) = 0(1) 

wluu’e {Xh} satisfies the r(;quirement 

= °((togV‘) ’ 

This restriction on { X„ } is only a little more stringent than 

1 The results of this and the next chapter arc sketched in Abstract 472, Bulletin of the 
American Mathematical Society, vol. 44 (1038), p. 789; and in Abstract 141, loc. oit., vol. 
45 (1939), p. 236. 

“ This problem was set by lYlya, Jahresborioht der Deutschen Mathematiker-Verein- 
igung, vol. 40 (1931), Problem 106, Many solutions have been given. 
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lim ~ = 1. 

n—^oo An 

However we shall show that G(z) can satisfy 

(?(±X„) = 0(1) 

where 



and yet not be a constant. Here again 


lim ^ 


= 1 . 


Thus for {X„} merely to have a density I) > 0 is not enough for the validity of 
our results. This result deviates very much from existing density theorems in 
that it goes as far as it does and yet need not be true for a set {X„j having a 
density H > 0. 

In order to illustrate the method ol this chapter, let us use it to prov(' tlie 
original result of Polya, that is, G(z) is a constant if (20.04) and (20.05) .‘ire 
satisfied. 

Proof. For any integer > 0, let 


(26.06) 


J-ita SI 


zG^iz) 


sm TTZ 


vr dz, 


where w = u + iv. Equation (26.00) can be written as 


(26.07) Hn(w) = 1[ dy. 

2 J-m sm my 

Since by (26.04) for any e > 0 


(^V) _ 

sin my ^ 

it follows from (26.07) that Hn{w) is analytic in the strip (- co < 

I H < Again by (26.04) the path of integration in (20.06) can lie 
the right if u 0 and to the left if w 0 for | v | <! tt giving 


(26.08) 


H^{w) = i: {-lT-^nG^{-n)&-^'\ 

n»I. 


y I — > w , 
U < CO, 

closed to 


u > 0, 

w < 0. 


Fi’om (26.05) it is clear that with no restriction we can assume 

1 (?(rhw) 1 ^ 1. 
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12(5 1 

Thus by (2(),08) 

I I s E 

1 

Or 


(26.09) 1 H^(w) i ^ 10 /mI 

Setting M{;u) = it. follows from Theorem XLTII that for some C > I and 

indeqmident of N, 

i HAu) i ^ C, I w I < 1 . 

Combining this with (26.09) for | it | ^ 1, 


(26.10) 


1 I 


^ 200 
~ i + ■ 


A[)i)lying tlu^ h^oni-iei' transform theorem to (26.07), 


By (26. 10) this gives 


sin Tciy tr 


r Hyiu)o-‘'“'du. 
•/— 00 


Or 


iy O^jiy ) 
sin Triy 


^ 20C. 


Iveti.ing N — > ''■o 
(26.1 1) 


I Ciiiy) I S 


20(7 sin Triy 


l/AT 


y 


1 0{iy) 1^1. 


It follows from this and (2(5. 04) l)y Theorem C of Pliragmdn-Lindelof that 
(d{z)(i is bounded for x ^ 0. But l)y (26.11) and Theorem C of Phragm^in- 
Lind(;l6f it follows that 


I G(3)e “1 ^ 1, a; ^ 0. 

Sin(!(3 € is arbil.rary it follows that | G(z) [ ^ 1 for x ^ 0. Similarly this holds 
for X S (1. Thus G(z) i.s bounded and must be a constant. 

In tin; general proof we shall give later, the only real change is that M(u) 
in.sttaid of lieing 10 /m“ as here will be much larger at u = 0. The precise state- 
ment of the generalization of P61yahs re.sult is given in the following theorem. 

Theorem XLIV. Let G{z) he an entire function of zero type; that is, 

( 26 . 12 ) lim sup ^ q. 

1*|-K» \ Z \ 
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Let {zn] he a sequence of complex numbers such that if z,, = 

(26.13) r„+i - ?•„ ^ l/^(r„) 
where t{u) < u^'^ is^ a non-decreasmg function of u. For some 1) > 0 let 

(26.14) I n — I'nD I ^ r„0(r„) 
where d(u) is a monotone decreasing function such that 

(26.15) ^ ^ |log U_ + ((„)| * < 

and such that d(u)t(u) is monotone decreasing. If 

(26.16) (?(±0„) = 0(1), 
then G{z) is a constant. 

In particular if r„+i - r^^d then (26.15) becomes 

I 

This condition is satisfied if Q{u) = l/log^'^'^i, 5 > 0, for large u. 

It will be shown in Chapter IX that if 

•'1 

then Theorem XLIV does not hold. Thus (26.15) falls short of ( his iiec(‘ss!irv 
condition by the term log l/6(4u). It is possible to rejilace (26. 1(1) b\' 

C(X„) = 0(1), 0(~/Xn) ~ 0(1), ^ 

for two positive sequences {X„} and {m„} obeying restrictions similar (o lho.se on 

The relationship between Theorems XLIII and XLIV is Iiroughf, out. bv (he 
lollowmg theorem from which Theorem XLIV is derived. 

Theorem XLV. Let G(z) he an entire function of zero type. Let {XJ satisfu 
the inequalities < iA„j .vm.sjy 


“ d{u) , 1 

— log W7J~\ du < CO. 
u 6(4u) 


(26.17) 

Let 

Let 


limmf-=D>0; limsupl<oo. 

r»->oo X„ 


00/ 2 \ 


2 is of no special significance here. 
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(26.18) 

If 

and 


M{u) = E 

A I I • 


(r(±\„) = 0(1) 

[ log log M(u)du 

*/n 


<C 00 , 


then G(z) is a constant. 

Wo shall show in Chapter fX that this theorem is best possible. 

We shall first prove Theorem XI W and use Theorem XLTII in so doing. We 
require the following lemma. 

Lkmma 26.1. lender the hypothesis of Theorem XLV there exists a sequence 
l-r,,} , Xn 00 , such that 


for some .I and 
(26.2()) 

for some B > 0 and C„ > 0. 

Broof of Lemma 2().[. (flearlv 


- - = 

b\±.Vn + iy) ^ 

1 F(x + iy) 1 ^ 


n — > CO 


U 1 > IM I ••f I , 


I /''(:!■ + iy) I a II 


X ti 


binee 1 — u > e u < j, and since 


X 


1 


II II 

Xngx/a i/U<X„<2x x„>2,i 


> 1 , 


X'i 


x„ ^ lx, 


I F(^' + iy) I ^ II 

s/2<X„<2® 


1 - 


we. liave 
(26.21) 

But by (2(),17) there exists soiiKi l)i such that 
(26.22) 

and also some Dg such that 


X?. 


II 


1 ^ 

X„ ~ n ’ 


1 . A 
^ ^ 
Xn n 


(26.23) 
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Thus for large x 


n & exp/- E 

[ X„S2a: I 


And (26.21) becomes 


kexpI-lOxV, E P) 

1. n//)i^2» ?rj 

^expi.-lOxVJ'" 

L JxDi w) 


-WxUllDi 


I nx + iy) I ^ n 

®/2<X,i<2a; 


1 + £ 

Xn " X 

Xn 

Xn 


Taking a; > 0 this gives 
(26.24) 

Clearly 


I Hx + ^2/) 1 ^ JJ 

»/2<X„<2» 


Xn X 


x„ 


I I = - n' 

Am n“=l I 


■x^ 

1 


Mdiere the prime on the products denotes the omission of the- (enn // = /// 
Tins becomes, for large m, if | Xm - a: | ^ 1, 


inxm)[ ^ rr ^ rr 

^ng ®/2 X„ !r/2<X„<2.i: 

Using (26.22) and (26.23) this becomes 


A ti 


I nx.) I £ n 




IT' 


nfDi^xfi x/2<X„<2* 


1 - 


X„ 


II 3 

n/l)»<‘>x 


■V Xfl2 

-Uz r,2xDn 


ir 


Xri X, 

""X 


r^d + ^xD,) 

Using Stirling’s formula there exists some Ai sucli t.hat 
(26.25) 

If 1 X/c — a; I is a minimum for k = m, then 

I X„ — a; I > ^ I _ Xm I , 

f™" (25.24) 


mxjige-' ir | Y~ 

a/2<x„<2» I X„ 


I FCx -{- iy)\ ^ e j j 


^ Xm X 


n I. 

»/2<X„<2x 
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Or for some Aq 

(26.26) 1 F(x + iy) \ ^ 1 jj X,„ - x* 1 . 

By (26.23) there exist an infinite number of X,„ , {X„,„} such that 

For such \m„ let ^ 

.'Cn = Xm„ + min {1, - X,„„)}. 

Then by (26.26) 

(26.27) 1 F(xn + iy) \ ^ | F'iX^J | min (1, 1/2D,). 

But by (26.18), since M{u) < co for all u 5 ^ 0, and in j 3 articular for u = 1, 

I F'(X«) 1 > 

for all large m. But X,„„ ^ 2.r„ . Thus (26.27) becomes 

I F(;c„ + iy)\^ g-U2 i-2)x„ l/2Ds). 

Since F{z) is even this gives (26.19). 

Olearly 

i<« I + iy) I = t log 1 - = E 1 + y - . 

1 x; ‘ x; 

If 1 7 / 1 > U) 1 .r 1 , this gives 


00 / 

log 1 F(x + iy) I ^ S ( 


2 XiJ' 


By (26.22) 




(20.20) follows easily. 

Proof of Theorem XLV. By (26.20) and 

(26.28) G{z) = 0(e''^’') 


there exists, for all int(igers iV > 0, 


(26.29) 


I r<- G^iz) , 
27rf i-ico F(z) ^ 


^(u + iv) SC r 
•/— 00 
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for some C. Since e is arbitrarily small, it follows that exists in the strip 

( - M M < 00 , I I < B). Similarly this holds for H'^iw) and thus HAw) is 
analytic in the strip. ^ ■ 

By Cauchy’s integral theorem, for large w > 0 


H^{u) = ^ / + / + / 

^■Wl J-lOixn llOix„-a:„ 


•^-too JlOixJ P{Z) Xk<T. 


Or, as n oo, using (26.19), (26.20) and (26.28), 

— X / ^10r„ 

— Att-—; = 0( / 

\j-10x„ 


F'l-h) 


■ e 


HAu) - D 

x.<.„ F'(-X,) 


'diy 




dx + dy^ 


= OixnG 4- ,-(10J-ajVt)x..\ 

V £-ArP / 

I hus for e sttiall and a > 1 lA^e + Af letting n — . co 

• //.(«) = 

W A (-Xft) 

fn .= it follows that the sories above converges for 

all w > 0. Since Id n{w) is analytic it now follows that 




■w\k 


u > 0. 


With no restriction we can assume that | e(±X,.) | S 1, Thus for a >0 

-ttXfc 


(26.30) 


lUw) I ^ E 


M(u}. 


r in-x»y 

Similarly this holds for a < 0. From (26.30) it follows that independent of N 
(26.31) 

N WeshallnVwshow tht! o,*0 ^>“™ided away from m = 0 independent of 
e snail now show that this is also true around u = 0. 

squ«r strip I „ I < B it certainly is analytic in the 

(I “ I S IB, I a I g 


| ffiv(w) I g M(u), 


Since in this square 
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it follows from Theorem XLIII that there exists a constant Cx independent of N 
such that 


I H^u) \^Cx, 

This combined with (26.30) and (26.31) gives 

(26.32) l//;.(w)l ^ 

for some independent of N. 

By the Fourier transform theorem (26.29) gives 


G^dy) r ^ , 

F(iy) L 


Thus by (26.32) 


Or 


G^dy) 

Fdy) 




J— 00 


(U‘2)Xil«l < 4 O 2 
' ' ~ X, 


Gdy) 


Fdy) 


l/N 


Letting X” — ^ 00 , tliia gives 


u I S hB. 


By the same Phragm6n-Lindel6f argument that follows (26.11) this leads to the 
fact that G(z) is a constant. 

27. Proof of the inequality. VVe now turn to the proof of I'lu'on'in XLIll. 
We shall use the following lemma. 

Lkmma 27.1. Ja'.L M(x) mtifify Theorem XU II. Then there exisia a function 
<Hz) analytic except for z = 0 such that for any d > 0 there exists a Ci(8) > 0 and 

(27.01) I <Hz) 1 ^ 6\(5), y > 5. 

Moreover 

(27.02) 

along some cusp symmetrical with respect to the imaginary axis, with vertex atz ~ 0 
and openi'ng along the positive imaginary axis, ami <lfz) is continuous inside and 
on this cusp. 

We shall use this lemma to prove the theorem and then prove the lemma. 
Proof of Theorem XLIII, Let ^{z) be defined as in Lemma 27.1 and let 
$ 1 ( 2 :) = ^{z + h), ^%{z) = $(& “ z). 
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Let R be the region bounded by two cusps (congruent to the cusp of Lemma 
27.1) and two parallel lines as shown in Fig. 3. Let the y coordinate of tlie 



Fig. 3 


point P be - 8, (8 > 0), and the x coordinate l)e r,) > 0. Since cl'( 2 ) is analyl ic 
away from s = 0 

I <I>(0) I < A(d), U1 S? 

for some A(8) > 0. By (27.02) on the cusp portions of the boundiuy of R 

I I ^ il(5)/M(.r), 

and on the parallel lines portion of the boundary of R 

\ <t»l(2:)^'2(2) I ^ 4^(S). 

Recalling that 

l/(s) I ^ M{x), I I < a, 1 y 1 ^ h, 

it follows from the above three inequalities that 

(27.03) |/(2)<C.i(z)<i>2(2) I g ^(5) _)_ a\8)M{x^) 

on the boundary of R. Moreover /( 2 )<I>i ( 2 :) fl> 2 (g) is continuous inside and on R 
and analytic inside of R. Thus by the maximum modulus th(a)rem, (27 03) 
holds inside of R. Therefore U\y\^h 8 and | a; | ^ xg , 

I f(z) I < + A\8)M(xo) ^ A(5) + A^(8)M(xo) 



Also for a ^ re > a;o , \f(z) i ^ M{xo). Thus 
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(27 I 


1/(2) 1 S ^1*L± W 

Cl (.5; 


.'c I S a, \ y\ - 8. 


But this proves Theorem XLIIL 

In certain cases the existence of 'I'( 0 ) is easily shown at once. For example if 

M(x) = 

then it can l)e easily shown that 

<Hz) = 

satisfies the recpiirements of Lemma 27.1. However to prove Lemma 27.1 for 
any M (;r) is somewhat laborious. We require tlie following lemma. 


Lkmm.\ 27.2. (hven a positive monotone increasing function N(u) such that 
(27.04) > N'(u) > u - 

there exists on eiilirc funtion F(z), (z = x iy), such that 


(27.05) 

for 

(27.00) 


■•XF{z) i tixp U' N(u)dii[ 


I !/ 1 S l/JV(re). 


Proof of Lemma 27.2. Since N{u) is increasing and since N'{u) > N'^\u), 
for larg(‘ u, N'(n) > A^'^*(l) and therefore W (a) > uN^^\\) - (ionst. ddius 


lim N(u) — 00 . 

U “^00 


Let n(u) he tlui inverse' function of W(m). Then since N'(u) > 0 and N{u) —> oo 

u - > oo , it follows that n{u) is monotone increasing and n{u) ~> oo as u — > oo . 

Let 


(27.07) 



dv. 


Tluai (/(u) 00 as u —> «> . Also 


</iu) 


n(u) 

u 



n(u) 


/ 


dv = 0. 


Thus o{u) is monotone increasing. Using (27.07) and differentiating ug(u) gives 
(27.08) n{u) = g(u) + ug'(u). 

Let 

F{z) = 

Jo 
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Since g{u) oo, as w co^ F{z) is an entire function. Let z ~ x + iy Let 
V = u/N{x). Then 

F{z) = N{x) exp [N(x){vz - vg(vN(x))]] dv. 

Let • 

^i(«) = jf exp [A''(rr){y 2 - v(j{vN{x)) - N{x)(f{N{x))]] dv. 

Then 

(27.09) F(z) = Fi(z)N(x) exp [N^(x)g'(N(x))]. 

Let V = 1 t. Then 

(27.10) “ Li + t) - (1 + OffKl + t)N(.x)] 

- N{x)!i'(N(.x))]] di. 

Let 

(27.11) h(t) = -A/'(a)){a:(l + tj - ,(1 + Qfir[(l -f- QA^(.t)] - N{x)g'(Nix))} . 

Differentiating 


h'(t) = -N(x){x - ( 7[(1 -\-'t)N(x)] - (1 -H Q( 7'[(1 + QiY(x)]A^(a))}. 
Using (27.08) this becomes 

(27.12) h'it) = ~N(x){x ~ n[(l + OiV((c)]}. 
Differentiating again 

(27.13) h"(t) = N\x)n'[{l + QiY(:r)]. 

Using n(N(x)) = a; and (27.08), 


Thus 


/i(0) = 0, h'{0) = 0. 


(27.14) h(t) = f {t — v)h'\v) d,v. 

.'o 

Using u = n{v), v = N(u) and (27.04), 


^ ' N\u) ’ 

Setting y = (1 + t)N (x) it follows for sufficiently large x that 
(1 + + 07V(a;)] > 1 , 


t ^ — I', 


Using this in (27.13) 



[27 J 

(27.15) 
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t ^ -h 


(27.16) 


N'^\x) e 


t ^ -I. 


~ (1 4 - U |)''/''*2 ’ 

Since, by (27.13), h"{t) > 0 and since /t'(0) = 0, h'{t) < 0 for t < 0. Thus 

Kt) ^ M~|), t ^ -i 

Using (27.16) with i = this gives 

N^'‘\x)e 


(27.17) 

for large x. 
Let 

(27.18) 
and let 

(27.19) 


h(o a 


/•< _1 
t 2 ■ 


h 


r = N~"\x) 


dL 


Then by (27.16) and (27.17), 


1 1 ^ 


a>f)- 

I. 


jVl/2(j,)j2/8 


dl 


2 ti' 


-JVl/aCaOCJ/H ^ 2 J i2/8 


dt ^ - 

r 


t (ll. 


Integrating 




Using (27.18) and (27.19) 


(27.20) 


+ I dt g ^ , 


a: “•> 00 , 


Again using (27.16) 


/ «J y.00 

di^ J 




Setting f and integrating by parts 
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(27.21) 


dt ^ 200c 




We now obtain another inequality for h(t). Letting u = n(v), r = N(u), 


and using (27.04) 


v^'\'{v) = < 1, 


Using v^'^n'iv) < 1 in (27.13), 


h"(t) ^ 


(1 + ’ 


for large x. Thus for | i5 1 < | 


Using this in (27.14) 


Therefore with r = N 


h"{t) S 2N^‘\x), 


h(t) ^ tV\x), 


dt^ e 




Setting s = tN^^^(x) it follows for large x that 


(27.22) 




^ 2t 


I 1 < 1, X -•> r/J . 


m\x). 




By (27.20) and (27.11) 


r” 

= L 


^ivitWNix) -h{l) 


^ cos {y{t + l)iV(.^)}c di ~ (^j + ^ 


Using (27.20) and (27.21) 


Wi(z) ^ £ cos {y(t + l)W(aj)} dt 


W^Ot) * 


For 1 y 1 ^ l/N(x) and for large re 

cos {y{t + l)iV(a:)} ^ cos (1 + r) > cos w/3 = |, U 1 g r. 




JV“(a;) ■ 
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Using (27.22) 


- 20m\x) N^\x) ^ 2m^K^) ’ 


for \y\S l/N{x). By (27.09) this gives 
(27.23) 'i^iFiz) ^ 


y I ^ l/N{x). 


n(v) 1 r” 


(/(v) = - h f 

V Jo 

1 ^N(x) 


Setting 7b(t) = u, t = N(u), 


,/(N(x)) = j[ «iV'W du. 


Integrating by parts 


<j'mx)) = f N(u)dv.. 

N^{x) Jo 


Using this in (27.23) and recalling that iV'(a:) — ^ oo as a; — > co , 

dlF{z) ^ exp |jf N(u) du^ , I 2/ 1 ^ \ /N{x), ;c -> co. 
This completes the proof of the lemma. 

Proof of Lemma 27.1. With no restriction we can assume that log log M (x) > 
0. Let 


(27.24) 

Then m(y) > 0 and 

(27.25) 


^(2/) = fog fog Mily) + 


[ m{'y)dy 
Jo 


(27.26) 


rlju 

t(w) = / m(y) dy, 

•/n 


U> 0. 


Then 7 (w) is a monotone decreasing differentiable function of and from (27.25) 
(27.27) lim y(u) = 0. 

U’^OO 

Let T{u) be the inverse function of y(u). Then T(u) is monotone decreasing 
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and differentiable and by (27.27) 


Let 

Then 

Setting c~“ = V 


lim T(u) = 00 , 


N(u) = 

lim inf 


T,r,. V = lim ml ---rr^-r -A_A. 

N\u) „-»+o vT'(v) + T(v) 


Setting V = y(u), u = T{v), and recalling (27.26), we have 


(27.28) 


lim inf 
w— >00 N (w) 




y'(u) 


= lim inf — - — - 

«-«> y{u) + uy'(u) 

= lim inf dyy'hnjl /u)vr'^^‘ 

/ y “ m(?/) dy ~ ( 1 /u)ml 1, /w) ' 


Since 7?i(y) is a decreasing function, the denominator above is positive. Tims 
lim inf ^ lim inf 


iV'Ca) 


/o^" ot(2/) % 


lim inf 

v-*+o (/2 TO(y) 


Since m(y) is integrable (0, 1) it follows tliat 

N^^\u) 


lim inf ^ lim inf ?/^“?n(y). 

«-»00 iV twj D-*-!-!) 


From the definition of m(v) this gives 

lim inf ^ 2. 

U’^<iO I\ (^U) 

‘ n it al«, follows from 

Lri- !f CO, that JV'(u) & 0, (u > 0). The other 

part 01 [Z/ .04) we now prove. Just as in (27.28) 


(27.29) 


hm sup -y~Y 

•W-+DO A' (u) 


= lim sup 


u ^^^m(l/u) 


” (/"“ m(y) m(v) dy - (T/t()m(l /«)) ’ 
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Bui by (27.24) .since M{rj) is decreasing 


m{y) - m{l/u) ^ 


Thu.s 
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0 < ^ < 1 /u. 


J m(y) dy - = f lm(y) - m(l /u)} dy 

•'0 11 Jq 


2 


Using this in (27.29) 
N'' 

bm sup - 


N^'‘\u) 1 // r’/” 


Since m(yy) is decreasing 


(■ / m(y) d.y ^ m(l/7/.). 
Jo 


Thus 


r (a) ^ 1 1 /..,, , . 

lim sup g hm sup - m '“(l/w). 

«-*oo A'^'(w) 2?vT‘-2 ^ ^ 


Or setting u = 1/v, 
(27.30) 

But 


TV ' (u) 

lim sui) ^ lira sup •2-{?;m(r)l 

(i — *■00 ly \^t) u— ♦4*(1 


i/y 


/ m(?y) d;// ^ m(?;) / d?/ = ^vm{v). 

J?>/2 


'i »/2 */w /2 

Since ?n(?/) is integral)le it follows on letting v — > 0 that 

lim vm(v) ~ 0. 

w—l-O 

Thus (27.30) gives ^ N'{u) for larger ii and this completes the proof 

of (27.04). 

It now follows from Lemma 27.2 that there exists an (uitirc function F(z) 
.such that 

^)lF{x + iy) ^ N{u) d'wj, \y\ S I /Nix), 

where Nin) = fi'“’*7’(e““)- 


/(re") = F 




Thus ic + dy - log 1/r — is and 
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Wire ) ^ (>xp< / N(u)<iu}, I <? I < - ' 

U /’ ' '“iV(IoslA)’ 

But iV(log 1/r) = rT(r). Thus if wc set u = log 1/^ above, 

A| ^ ^/rTir). 

\rO\S l/T(r). 


dlfire"*’) ^ exp | J T(^) j, 

Let re" = u + iv. Then r = (w" + vY' and 

dlfiu + iv) ^ exp T{^) d^, 

But for small d, \ e \ ^ 2 1 sin 0 [. Since r sin 0 = r, it follows that 

m(u + in) i exp^ no djj, I „ I g l/2r(r), „ > (). 

Since y is the inverse function of T, 

.. \ 

'/• ^ 7(1 / 2 | r I), u > 0 . 


r(i) 


(27.31) W(u + iv) ^ exp a.: 

Since y and T are decreasing, if r = 7(1/2 1 r |), 

/•I'(y(l/2|D|)l 


r-l/2L| 


But7'(0 = -mil/t)/t\ Thus 

era) ^i/2L| , 

T ’ ’■ = /2| a I), „ > 0. 

Setting t — 1/^ and taking | v [ small, 

/•i/ro) , 

/ ir'CO ^ / m(^) ^ 


' 2 lvl 

r4|»| 


> 




df 

I 


= log 2m(4j V I). 

R.ecalling the definition of ?n(t6), 

log2m(4|?;|) > log log ib/(r). 

Therefore 
(27,32) 

Thus (27,31) becomes 


rTCi) 

Lir) ^ = t(1/2| v\), u > 0. 


Wi^i + iv) ^ log Miv). 
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[ 28 ] 

Let z — ho and let <I>( 2 :) = Then, by the above inequality 

(27.33) I <I.(.) 1 2^ I = t(1/2| .X I), !/ > 0. 

But y(u) — > CO as u — > 0. Thus 

1 0 I = 7(1/21 x\), y > 0 

is a cusp-shaped curve with vertex at s = 0 and opening along the positive 
imaginary axis, y > 0. That is continuous everywhere except at s =0 
follows from the fact that it is analytic everywhere except at ^ = 0 (and at 
z = co). By (27.32), since v — -> 0 as r — > 0 it follows that 

j-Td) 

lim / ty'{t)dt = co. 

)— fO 

Thus by (27.31) 

^)i/(w -f~ iv) — > 00 , r 0, r ^ 7 ( 1/2 | z; j), u > 0, 

a,nd therefore ^(z) — > 0 ns z —> 0 inside or on the cusp. Thus in and on the 
cusj) 4’(s) is continuous. This proves (27,02). Since 

1 Hz) 1 ^ 

and f(z) is analytic everywhere except at £; = 0 (and s — oo), (27.01) follows. 
Tins completes the proof of the lemma. 

28. Proof of the theorem on functions of zero type. We shall now ])r(:)ve 
Theorem XLIV and also i)rove as a corollary the following theorem. 

'riiKOKKM XLVI. Lei g(z) be analyiic in Uic etUirc ■plane inchidiny injlnity 
except at z = .1 . Then by modifying g(z) by at moot a constant, 

00 

(28.01) g(z) = £ a„ 2 :”, l^l < 1, 

0 

-1 

(28.02) g{z) = —Y^anz'\ l^l > 1. 


Let I??/.,,} be a subsegue-nce of the positive integers such that, for some 1) > 0, 
(28.03) 1 m„74 ~ n | ^ mJi'mf) 


where Q(p.i) is decreasing and 



log 


9 (An) 


d 'U < 


00 . 


If 

(28.04) 

for some integer JC, then 


— OipTln) 
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(28.05) M = 

That (28.03) cannot be replaced by 

T) 

lim — = D > 0 

n —►00 9Thfi 

will follow easily from the fact that this cannot be done in Theorem XLIV 
Proof of Theorem XLIV. Let 


Gi{z) = G{z)G{-z). 

Then Gi{z) is of zero type and by the Hadamard product theorem, Tlioorein D, 
since Gi{z) is even 

n-1 \ Ttt/ 

where k is an integer and [r„| is a complex sequence. I.et) 

(?,(.) = a^“ _n(l- 1 1.^). 

Then since 


1 - ,.-r' 

< 

.,2 

1 - 

1 -TnY 


rl 


it follows that 


Thus by (26.16) 

(28.06) 

Let the number of | t„ 
Theorem A, to Gi{z) gives 


(?2(i:r„) I ^ I (A(±Z„) |. 


fr2(±r„) = 0(1), 00. 

< u be t{u). Then ai)plying Jensen’s theorem. 


XXXii. — I 

r“+oo T I 

Since Gi(z) is of zero type, 


Clearly 


r 1 r‘r(u) , 
hm - / -LA du = 0. 
r -»00 r Jl u 


lim sup ^ lini sup -i, E log fl + 1.') 

1^1 1^1 1 ^ Tn / 


lim sup - 

r-oo r 


Integrating by parts twice 
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lim sup 


log I Giiz) I 


< 


dv 

r r(v) 


J 1 V 

4i/ du 1 

r-riv) 

( +1)^ iir 

Jl V 


dv 

dv 


= lim sup - [ d,v [ 

r-»oo r Ji V Jo 


du 

(iT^y 


= 0. 


Thus Gziz) is of zero typt^. 
Let 


Let A('u) denote the numlxu' of r„ < u. If a prime on tlie pi’oduct or A(w) 
denotes the omission of (,hc term rt , then 


F(z) = n ( 1 


/'"(n.) = - Il'fi - 


i'k 


or 


(28,07) log I F'(r,.) I = -log ’| + log 

Since Vn+i — r„ ^ l/i(r„), 


n 


dA'in). 


1 - ’4 


1 _ 'H 

1 n 


r„ 


Tntil'k -P i) 


1 


2rkt(2n) ’ 


(n ~ 1 ^ r„ ^ n -h 1), 


for large k. Also since there' are less than 2/.(2r/,), r„ in (r/, — 1, O; + 1), (28.07) 
becomes 


log 1 F'{ri:) 1 ^ -log + 


rfc~l /’W 


_|_ 


log 


For t{v) < 

^<m\nn)\ = (r ' + f )log 
\Jo ‘'I’fc+V 

Integrating by parts 


n 


dA{u) 

- 2ti2n) log {2r/ji(2rA,)). 
(U(«) + OCri'"). 


log 1 F\rh) I = A(r/. “ 1) log 


rl 


(Tk - 1)^ 


Ain + 1) log 


rl 


(n + 1)^ 


+ 


rji“I /•«> 


+ 


A(ti) 2r| 


du + 0(rl^*). 


b*+i/ u rl'-u^ 
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But for lai’ge k, 


IVIIll 


AOvs — 1) log 


1 


rl 


(Xk - 1)2 

^ A(r, + l)<|log 


A(rfc + 1) log 
1 


1 


rl 


{Vk + 1)^ 


2 

Tk 


Thus for some constant C, 


Vk 


(fk -T 1)2 


(28.08) loginr/Jl > + 

Setting V = rl/u 

A(w) 2rl 


rjt— 1 ^00 

+ 



A(u) 2rl 


Ra+i/ w r| — u‘^ 


7, du. 


I 


jt+i u r\ — 


But 


Tk 


d'u 


■I 


A(rlM 2rl 
rfjv rl - !)= 


dv. 


Tk - 1 + 


rk + 1 •‘•'r.+ l' 

Thus (28.08) becomes 

log I F'ivk) I > -Crl'^ + r~' ( 

•/o V u rl/u ) rl - 'i 


(28.09) 


F or large h the last integral above is less than 


jlu 


^rh-l rl/u — tl~ 


du. 


(T> + 1) 


r. + 1 ,.*T1 


max 


Thus if (7i = C + 4(D + 1), (28.09) gives 

(28.10) log I F'{rk) I ^ -Cxrl'^ - 

I U 7'1/u 

Clearly (26.14) can be written as 

I A(w) ~ uD I g ue{u). 

Thus for u < 7'k 

(28.11) I -^(^0 _ ^;l/u) 


27 % 


. du. 


u rl/u 


^ 0(n) + fi{r\/u) ^ 20('m). 


Also if «; > w 4- 1, 
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A(7/.) 



(v — u)A(v) 4- 77.{A(7/) — A(?;){ 

u 

V 

i 

uv 


^ A(u) V — u , A(v ) — A(^) 

~ U V V 

A{u) V — u (v ~ u){t(,v) + 1} 


+ 

U V 

{2D + t{v) + 1} 


V 

V — u 
V 


Using this and (28.11) in (28.10) 


(28.12) 


log 1 F'(r,) 1 ^ -C,rr -2 f 

->0 


rk-rkHZrtc) 


6 M -^-~,du 
ri — u- 


^ (rtrv 1 ,l \ I II (*'*/^) ” ^ , 

{2D + Hv) + I ) -r:—-. du. 

•'rjk— ri.tf( 2 rt) ^hf 'k 


If rk0{2rk) ^ 1 a})ove, then the second integral above does not appear since the 
range of integration in (28.10) has vu — 1 as its upper limit. Since d{u) is 
decreasing and l{u) non-decreasing, (28.12) give.s 

^rfc /2 r'^k-'^hOVirk) 


l-rkl'i f'’k- 

log 1 F'in) 1 ^ - 8 6(u) du - 4rke(hrk) / 

Jo •' rjt/2 


Th 
Vk - n. 


dll 


— 2 f { 2D -f- t(2f'k) 1 } da 

''rk~rk»(irk) 


> 


-CiTp* ~ ^ “ 4?-/t<?(|r;i) log 


0i2rk) 

2{2D -b t(2rk) + l} r,0(2rA:). 


Or if 


(28.13) 


8(v) = CiV + 40(1?;) log ^^2 


e(2v) 

-I- 2{2D 4- t{2v) -i- l}e{2v), 


then for some Ch 
(28.14) 


Vk 


h ^ 1 . 


Since 0{u) and 6{u)l{u) are decreasing functions, 5(w) is also decreasing, fjct 


Miu) = Z t4 


^ ilFV *)| 


Then 


150 


INEQUALITY AND FUNCTIONS OF ZERO TYPE 

1 i(rk)^u/2 5(riO<M/2 


ivrii] 


Let the inverse function of 8 be A. Then 


s z <!«'■>'* + z 

S(rk)^u/2 


1 


M(u) ^ 2] 

rk^A(,u/2) U 


for some C3 depending on D. Or 

(28.15) M{u) ^ + C,/u 

where C4 also depends on D. 

Now by Theorem XLV if we can show that log log M(u) is intearable (0 n 
then .t wall follow from (28.06) that C?a(.) ie a eomstant.' 

stant, (?(2) must also be. a constant. Thus Odieorem XLIV will !)(' proved if 
log log M(u) is integrable. ^ ^ 

Since, by (28.13), S(v) > C^v~^'\ it follows that A(?0 > Cl/u\ Thus it is 
e ear from (28.15) that log log M{u) is integrable over (0, 1) if*" 


[ log A(§2i) dlO < CO 
-lo ’ 

■' / log A(u) dii 
Jo 


< CO , 


or if 
(28.16) ; 

But if A(u) = V, u = Sip) and (28.16) is equivalent to 

poo 

— / log?id5(w) < 00 . 

*’1 

Integrating by parts this in turn is certainly true if 


(28.17) 

By (26.15) it follows that 


i: 


5(v) 


dv < CO , 


i: 


Oiu) 1 


(28.18) 
and 
(28.19) 

•'1 u 

Since t{u) is non-decreasing (28.19) implies 
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128 1 


(28.20) 


/; 


0('u) 


- du < 00 . 


riitegrating by parts and using (28.20), 

[ f e{u) du = r r eiu) diJi + r^-^dv < 00 

?r Jo L y •'0 “'i V 

Using tlieso results in (28.13), the definition of 5(v), it follows that 

(28.21) f ^-^dv<oo. 

V 

This completes tlie proof of the theorem. 



Proof of Theorem XLVL Let 

(28.22) gM = 1-Jj^^dz 

wliere C is a path in the positive direction around the i)oint z = 1 but not 
enclosing ilie point z — 0. Then G(w) is an entire function. If wo take C as a 
circle of radius 5 > 0 around s = 1, then 

I Giw) f \ (lO) I (1 + S)'*' I & I g c*'”' f I aO) dz 1. 

Since this holds for any 5, G(w) is of zero type.'^ 

We now deform C into a path as shown in Fig. 4. If w ia an integer, positive 
or negative, and the two parts of the path parallel to the real axis are brought 

•* It is well known that any entire function of 1/(1 — z) is associated with a function of 
zero type and conversely. This result appears in the work of Carlson and Wigert. 
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doAvn to the real axis they cancel each other since is a one- valued function. 
Thus if ry = the path breaks up into two parts and if the series (28.01) and 
(28.02) are used in (28.22), 


By (28.04) 


G{n) = -an, 


— CO < ? i < CO . 


(r(±m„) = 0(mn). 

Now G(w) is of zero type and therefore by Hadamard’s factorization theorem, 
Theorem D, is either a polynomial of degree K or less, or else lias more thaii 
K zeros, Let us assume that G(w) is not a pol.ynomial of degree K or less. 
Then if we divide G(w) by K of its zeros and call the resulting entire function 
of zero type Gi(w), 

Gi(dz'mn) = 0 ( 1 ). 

Tims by (28.03) and Theorem XLIV G^(w) is a constant. Bnt this mcan.s 
G(w) is a polynomial of degree K. Thus 


G(w) — Bo Biw ... -j- BkW^. 
But a„ = —G{n). Thus 


Since 


fln = ~Bo - /iin - . . . - BkIi"". 


it follows that 


g{z) 



dnZ 


n 


} 


K-H A 

cfiz) = i: • 

0 (z — 1)^ 

— > . Thus .d 0 = 0. 


This com])letes the jiroof 


But by (28.02), g{z) 0 as s 
of the theorem. 



CHAPTER IX 


EXISTENCE OF FUNCTIONS OF ZERO TYPE BOUNDED ON A 
SEQUENCE OF POINTS 

29. Statement of the existence theorems. In this chapter we shall prove 
that the condition 

(29.01) / log log M (x) dx < 00 

Jo 

in Theorems XLIII and XI Y is a best possible conditio] i. AVe shall also give 
examples of entire functions of zero type, not constants, which are bounded on 
sequences {d=X,i} of density D > 0, and with — X„ ^ > 0. 

Theorem XLVIL Let M (x) be an even function of x decreasing for positive x 
and M (x) ^ as x — > 0. Let 

fjL(x) — log log M(x) 

be positive and let 

(29.02) f dx — CO, 

Jo 

Let there exist some number p > 4 such that 

(29.03) m(?>^) < 

Then there exists a sequence of functions {//,,( 2 )|, (n > 0), analytic for | p ] ^ a 
for some « > 0 such ihat\ 

(29.04) 1 Hn{x + iy) \ ^ M{x), \y\Sa, 

and 

(29.05) lim sup max | TIn{u) | = co . 

n->oo I^l^l 

Thus for the wide class of M(x) satisfying (29.03), the condition (29.01) i.s 
necessary as well as sufficient in Theorem XLIII. 

Theorem XLVII is proved by means of the following theorem which proves 
that Theorem XLV is best possible. 

Hieorem XIjVIII. Let M{x) satisfy the requirements of Theorem XLVII. 
Then there exists a sequence { X„ } of density D > 0 and with Xn+i — X« ^ d > 0 
arui an entire function of zero type G(z), not a constanf such that 

(29.06) C?(±X„) = 0(1); 
and if 
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= n(i 


then 

(29.07) 




E 




rr ^ M{x). 


Here as in the previous case, for the large class of M(x) satisfying (29.03), 
(29,01) is necessary and sufficient for Theorem XLV. 

A corollary of Theorem XLVIII is that there exist functions of zero typo, 
not constants, bounded on a sequence { ±X„} with H > 0 and X„+i - X„, ^d > {). 
We shall first use Theorem XLVIII to prove Theorem XLVIL 

Proof of Theorem XLVII. Since G{z) is not a constant, the seciuence of 
functions 

(29-08) H,{u) = ± r ^ e- dz 

2Ti F(z) ^ 

defined as in (20.29) cannot be uniformly bounded. For, if they w(U'e it would 
follow, just as in the proof of Theorem XLV, (26.32), that 

1 H^u) \ ^ const. 

and fiom this that G(z) is a constant. But H n{u) is uniformly bouiKhuI away 
from zero. For, as in (26.30) (using the Dirichlet series for IIn(:u)), 

I Hn{u + iv) I ^ ilf(w), 

for 1 y I ^ a for some a > 0. Since M{u) is bounded away from zero, II sin) 
IS umfoimly bounded awa.y from zero. Thus ai’ound zero tin' s(uni(sic(^ of 
functions cannot be bounded. That is, 

lim sup max | Hjv(w) I = 

JV-»oo 

which is the conclusion of Theorem XLVII. 

The lemainder of the chapter is devoted to the jjroof of dlieorom XiiVIII 
for which we require several lemmas. 

Lemma 29 1. Let 4^{u) he a positive increasing, three limes cIf(fercnHable fiimy 
Lion of u with (f) (u) decreasing. As u — > oo, let 

(29.09) 


(29.10) 

(29.11) 

(29.12) 
Moreover let 


^{u) > u'\ 
lim inf > 0, 

u-*oo 4>\V>) 

<f>'(u)<l>(u) = 0(1), 

‘^"(w) = 0{(<f>'(u)f},cf>"'(u) > 0. 


a > 0 , 
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[29 ] 

(29.13) 


/ oo 


du ~ CO, 


The7i there exists an entire function G(z) of zero type and a 6 > 0 such that 
(29.14) I G(x) I S 1, e«“>(l - &#,'(n)) S | x | S e*'“>(l + &(,'(•«)), » 

"ro see the significance of this lemma let us take 

<i>{u) = 

which satisfies the requirements of the lemma. In this case G{x) is bounded for 


1 - 


a /2 




^1/2 /• 


If we take {X,i} to be the positive integers which lie in these intervals, it is clear 
that, if A(w) is the number X„ < u, 


(29.15) 


A(«) = E -I- 0 


i<n<iog®M n 


1/2 


U 

los: u 


tSince e‘^‘'/t'^~ is an increasing function for t > 1 


I 


(logw)^— 1 


im 


dt < J2 


28e 


l<n<log2n n^^^ 


< 


i: 


nl^2 ^(logu)2-|-l 


Or 


Since 


45 (e 


log m( 1— 1/ log^jt) 1 / 2 


7i1/2 


e} < ^ ^|g^iog«(M-i/iog2u)i/2^ 

1 < n < log^u n ' 




log2 u 


2 oj / ’ 


U — > oo , 


^logu(l±l/log2M)^/2 ^^logii^Od/logJt) 'll o( ) 

\log uj 


Tims 


nl/2 


V' 25e , , r\ 

Z) ^ = 45n + 0 


l<ri<log2u n 

Using this in (29.15) 

A(,u) = 4:5u + 0 

This can be written as 

(29.16) n - 45Xn = 0 


u \ 
log uJ ' 


u 

log uJ ' 


X„/ 


log X 
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In the notation of Theorem XLTV since X„ are infogers, (29.16) gives 


6 ('Ll) — 


const,, 
log u ' 


t(u) = 1. 


Similarly by considering 

(f){u) = log 'll, (i>{u) = log %i log log u, etc. 

we can get 

6{u) = const. /log u log log u, t(u) = 1, 

6{u) = const. /log u log log u log log log u, i{u) = 1, etc. 


By Lemma 29.1 the conclusion of Theorem XLIV cannot hold for these Q{u). 
Thus in the basic criterion, (26.07), of Theorem XLIV, with t{u) = 1, 





at most the term log l/(9(4w) is superfluous in the basic criterion of this theorem. 
We can put Lemma 29.1 with (29.16) and its generalizations into a theorem. 

Theorem XLIX. ''rr exist sequences of 'mtegers {A„} satisfying 

I 7)X„ [ = 0(1 \,i I^CXji)), I ‘n I — > CO ^ 

where d(\n) = (log Xn) or 6(Xn) — (log X„ log log X„) \ etc., and f unctions G(z) 
of zero type not constants such that 


(?(±Xn) = 0(1). 

It is easy to put 6(u) in a far more general form than that given in '’hlKHn’em 
XLIX without modifying Lemma 29.1. It is also possible by modifying Lcunrna 
29.1 slightly to introduce the spacing function t{'u) and the^•c^by to show I, hat the 
basic condition of Theorem XLIV cannot be improved beyond 

r»L„<oo. 

u 


30. Lemmas. In the remainder of this chapter we sliall use Ci , 0% , ... for 
positive constants that are fixed for a given <j6(?i). We recpiire a series of lemmas. 

Lemma 30.1. Let ^(w) satisfy the regtiiremenis of Lemma 29.1. Let m(u) he 
its inverse function and let 


(30.01) 

Let 


a{u) — f 
•' 1/2 


A(u) = 


a(u) 


(30.02) 



157 


30 1 

IdOMMAS 

Then 


(30.03) 

liin a{u) — 00 , 

and, as u — > oo , 


(30.04) 

A'('u) ^ 4>'{u)A{u), A"('a) > 0, 

(30.05) 

A {^<(u)A(u)\ > 0, 

(30.06) 

A 4'(«)4(M)e-«<“'l < 0, 

(30.07) 

4.'(2u) > C„S,'(u), 

(30.08) 

m{}iu) > C>^m{u), 

(30.09) 


and 


(30.10) 

A(u) > 

Proof of Lemma 

30.1. From (29.13) and (30.01), (30.03) follows 


Differentiating 


log A ('(/.) = 4- Iog<^'(M) — log a(u) 


gives 

(30.11) 


A(i0 

and again differentiating 

A"(u)A(a) ~ (A'(a))“ 



(30.12) 

ObvioiLsly 






<U) ' 


J_ <^'(w)0"'(w) - (0"(/O)“ 
+ ““ 


a;('M) 0!^(w) 


A^(w) ^ /l/'A(w) ~ (A'(n))=' M'GOY 
A(w) A^(uj \ A(ti) / ’ 


A\u) 

IJaing (30.11) and (30.12) in the above, 


+ srM - 


(30.13) 


A{u) 


(u) 


i(u) 


a(u) 


<p'(u) 
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Using a(M) CO, ('ll) = 0(l),<t>''(u) == o| , and > 0 

and (30.13) gives (30.04). We also have 


^{cl>'{u)A(u)} = <l>'(ii)A'(u) + A(u)(l}"(u) 


= Aw{l-(u)^ + r(n)}. 

Using (30.11) this becomes 

~{<l,'(u)A(u)l = 4w|(,A'(t0)' + 2r(.u) - 

and from the behavior of a, <j)', and as u — > co (30.05) follows, 

proved in the same way. 

By (29.10) there exists an e > 0 such that for large 


(30.14) 

Clearly 


ll<j)'(u) 

~ct>(v,) 


> 2e. 


<l>iu) ^ f <l>'{y)dy. 


Since 4>'{y) is decreasing, it follows that 


With (30.14) this gives 


ci>(u) > T}w<^'(|'a). 




This gives (30.07) with Ci - e. 

Next if V = </.(^0 then u = m(v). Thus (30.14) beconu^s 


(30.15) 

But 


m(v) 

vm'{v) 


> 26 . 


m{v) — m((l — e)v) + / m'(y) dy. 

Since wi (v) is the reciprocal of 4)'(v,), 9n'(v) is an increasing function. 

m(x) ^ m((l ~ e)v) + evm'(v). 

But by (30.15) this gives m(v) ^ w((l - e)y) + ^pn(v). Or 

|m(y) ^ m((l - €)v). 

Iterating this we obtain (30.08). 


in (30.11) 


(30.00) is 


Thus 
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I 30 1 


Since (f>'(x) is positive and decreasing, 

I'll /• m / 2 + 1/2 

a(w.) = / (.<f>'iy)T dy ^2 dy - 2a(-^u + I), 

•>1/2 Jl/z 


which gives (30.09). 

Finally 

a('u) = f dy ^ </)'(!) f (j>'(y)dy ^ 0'(l)(J!>('a). 

*' 1/2 J 1/2 

Thus 


Using (30.14) this becomes 


A(u) ^ 


0'(1)0(W) ‘ 


</>(u) AMU 

A(u) a “ s ,„«/<>«..) 

u u 


w > 2, 


From (29.09), (30.10) now follows. Thi.s completes the {/roof of the lemma. 


Lkmm.a. 30.2. Let N be a positive inlcgcr and lei 
(30.10) B(n.) = log 1 1 - 1 

where 

(:i().i7) \ y\ < W{N + 1) < WW. 

Then 

(30.18) d(a)/l(n) = U(A^ - \)B{N - 1) + T \\{u)H{») du -V 0{A{N)), 

1 J i 

ami 


00 /•oo 

(30.19) Z A(:n)B{ii) = ^i.4(iV + DB^N + 1) + A{ii)B{u) du + 0{AiN)). 

N+l -In+I 

Proof of Lemma 30.2. Let 

(30.20) Pi:a) = l«] ~ u + 


where [a] is the largcist integer not exceeding u. Then liy the Euler summation 
formula 


N~l 


Z A{7i)B{n) = lACN - \)B{N - 1) + M(l)/^(1) 


(30.21) 


f*N~~'X ^ iV— ■*! t 

+ / A{u)B{:a) du - / Piu) Z {A(u)B{u)} dm. 

•>1 •>! du 


Cllcarly from the periodicity of P(u), for any a and b 
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IIXI 


< 1 . 
= 8- 


,(30.22) I [ P(u) du I 

Let T(u) be a differentiable function. Then integrating by parts 

' P{u)T{:u)du = T{N - 1) ' Pin) du - T'(u) du P(v) dv. 

By (30.22) this becomes 

I 'p{u)T(u) du S i| T{N -Dl + ifyi r(u) I du, 


or 


(30.23) ' PiuYJXu) du ^ 1- ' 1 T'iu) 1 du + i 1 T{1) 


We now consider 
d 


(30.24) 

By (30.16) 

Or 


du 


{A(u)B(u)} = A'{u)B(u) + A{u)B'(u). 


A{u)B'{u) — A{u) 


/ \ . 2 l/-|- 2 fl!i( AT)— 2 i<> (u) 


2(j)'{u)& 


A(u)B'{u) ~ — A(w)(jt>'('ii) 


I _ g 2 i/+ 2 ^(Ar)- 2 ^(«) • 

2 g 2 l/-l- 2 .#.(JV) 




By (30.05), A(u)(}>'(u) is an increasing function of u for large u and thi^ other 
term in the above expression for A{u)B'(u) is obviously increasing for 1 
N ~ 1. Thus A(u)J5'(w) is a negative decreasing function foj’ C3 < u < 
and therefore 


L 


N-l 


_d 

du 


{^(w)i^'(a)l 


dw ^ f ^ {A{u)B'{’u)} dM 

I J c’a du 


du 


^ \A(N-1)B'{N-1)\ + Ci. 

Thus by (30.23) with T{u:) = A(u)B'{u), 


(30.25) ' P{u)A{u)B'{u) 

•>1 


du 




But 


iS'CJV - 1) = -2*'(JV - 1) 




g2v+2^(N)~2<^(U-l) ^ J 


^ IIA 
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Since </>'(«) is chun'casinp; and j // 1 < 

(30.26) y + </,(iV) - 0= ["' <fy'{u)du y ^ <I>'(N) - U'iN) = U'(N). 

‘'.V-l 


Thus 




I B'{N - 1) I S ‘2^'(N - 1) 

Tut. l:)y (30.07), <p'{N - 1) < Co0'(iV). Thus 

1 B'(N ~ 1) 1 < 

Since 0'(A^) is a positive decreasing function, B'{N — 1) is bounded and (30.25) 
becomes 

(30.27) f" ' P{u)A(u)B>(u) du = 0(A(N ~ 1)) = 0(/l(7V)). 

'rh(' other tc'rin in (30.24), A'(u)B(u) has as its derivative 

2;/ l 2</>(A')~l>iA(u) I I "V 


/I ''(a) log 1 1 - c-"" 


I + /l'(ii) 


\ _ Q'iy+‘i<l>(N)-2<l>{u) • 


Sinc(^ d/'(u) > 0 for large* u, and since tlui logarithmie; term above is ste^adily 
decn^asing from 1 l oA^ — 1, (aking {'xtreme vjilues in magnitude; at 1 and — 1, 

' I .■l"(«)«(») I du. ^{\IKi)\ + \B(N~ 1) I) 'a"M du + C, 

S (I im I + \B(N -1) l)(/l'(iv - 1) + C,). 

But for largo N, I B{1) ] < and by (30.26) 




Thus 


' I A"(u)B(u) I du = o(L(N) + log j A'{N)^ . 

Bui. yl'(iV) ~ <I,’(N)A (N) and <l>(N)<f,'(N) = 0(1). Thus 

' I A"(u)B(u) I du = o(a(N) |l + ,t,'m log • 

Since is decreasing, it follows that 

(30.28) r ' 1 A."iu)B(u) 1 du = 0(^(iV)). 

*^1 


For the other term in the derivative of A'(u)B{u) we have, since A'{u) is 


i 
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positive and increasing for large u, 

du 


[IXl 


l A'(u)B'(u) 1 du = I A'(ii) 
^ A'(N) 


'■2HdY~2'Hn) I 


= - A'Wlog - Dir’ + a. . 

Handling the logarithmic term at 1 and N - 1 and A'(A^) in exactly iha same 
way as in obtaining (30.28) we have 

J 1 A'(u)B'(u) I du = 0(A(N)). 


Combining this with (30.28), 

du 


/: 


[A\u)B(ii)} 


du = OiA(N)). 


Setting T{u) = A'(u)B{u) in (30.23) this gives 

(30.29) I ' P(u)A'iu)Biu) du S Ci,A{N) + 1 A'O )B(l) \ . 

But 5(1) = 0(<t)(N)). Since 

A(iV) > > 0(iV) 

for large N, (30.29) becomes 


(30.30) 


' Piu)A'{u)Biu) du = 0(/l (iV)). 


Using (30.27) and (30.30) in (30.21), we obtain 


E A{n)B{n) = iA(7Y - l)5(iV - 1) + f ' Mu)B(u) du + 0(A(iV)), 
1 *'1 


completing one-half of the lemma. 

Again by the Euler summation formula. 


(30.31) 


E A{n)B(n) = UiN -b 1)5(A^ + 1) + [ A{v)Biu) 

N+l •'A'-l-l 


du 


- r P{u)-^ {A(w)B(w)ldw. 
‘'iv+i d.u 

As in (30.23) if T(u) is any differentiable function such that 2'{u) —> 0 as u -~> w, 

J ^OO nOO 

' Piu)T(u)du lT'(u)ldu. 

JV+l •'U+1 
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[ 30 


AKaiii wc consider the two terms in 

A {A{u)B(u)\ 

separat(!ly. A {u)lV{ii) is now best written in the form 

2i/+2.#.(iV) 

AWB'M = 

But l)y (30. 06) is decreasing for large u. The term 

1 

i 

foi' a ^ + 1 is d(H!reasing. Thus A {u)B'{u) is a de(!reasing function for 

^ + 1. and therefore its derivative', has one sign. Thus by (30.32), for 

large N 

I f P(u)A(u)B'(u) du 

1 J.v+i 

= iA(N + 1)B'(N + 1). 

As in tlu' results following (30.25), B'(N + 1) is bounded. Thus 
(30.33) f P(u)A{u)B'{a) du = 0(A(iV + 1)). 

Ja'-I 1 

'riie d('rivativ(^ of tluj otlier part of {d/du)[A(u)B{ti)\ is 

-f (A'(«.);;(«)l = a"(u)b(u) + A'Minu). 


£ -i f A {Mu)B'(u)\ du 
^N+i du 


Integraling i)y paii.s A''(u)B(u) gives 


[ A'Au)B{:u) du 
Js-H 


S I A'{N + l)/^(Ar + 1) 1 + 


A'{u)B'{:n) du 


Hinee for hirge u, A"(u) > 0, and B{u) < 0 for u > N -\- 1, 
/ 1 A"iu)B{u) 1 du = / A"iu)B{u) d,u 

J.V-14 I •'JV-l-l 


Thus 

rtOO I 

(30.35) / U"(«)B(«)|(ii4 S |A'(iV + l)iJ(iV + l)| + / A'(,u)B'(u)du 

J I JjV+1 

But 

B(iV + 1) = log 1 1 - 

and much as in (30.26) y + <f>(N) - <I>(N + 1) < ^ !)• Thus 
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IINI 


B{N + 1) 1 ^ log 


10 


1)‘ 

Also A'{N + 1) ^ + l)A{N + 1). Thus 


10 


I A’{N + 1)J5(A^ + 1) I ^ 10A(A^ + IW{N + 1) log . 

Since 0'(w) is decreasing, this becomes for large N 

1 A'{N + l)B{N + 1) ! ^ (7uA(iV + 1). 

Thus (30.35) becomes for large N 

nto 1 "°° 

(30.36) / I A"(.u)Biu) I du S C,iA(N + 1) + / | A'(u)BXu) | dii. 

Jn+1 •Jn+I 


The other term of (30.34) is handled in the following way. Since El'(w) 

/ I A'MB'Cu) \duS2 1 d„ 

Jn +1 '>n+i ot{u) 1 — 

2 /•«> 


^ iW(N + D) 

(x.{N H~ 1) *ljv+i 

Let a; = Then 


*'jv+l 1 — G 


f20(JV)-2()i(u) 


g2i/+2fli(W)-2.A(«) 


(hi. 


f 


A'{u)B'(u)\du ^ /Ar_j_iN 

A^+i q:(A + Ij 


4(0'(Af + 1))^ „jy i-</.(A') r 
Jo 


1 ~ .T-’ 
3/ I 1) 


< v-H(N) 1 1 -T e 

~ a(N + 1) * ' ^ YZ'ei/T-A(A') 

But0(A’ + 1) — cf)(N) — y ^ + !)• Tims 

[ I A'(u)B'(u) 1 du = log ~~ 

w \ a(N A- 1) ^ A- 1) 


0 


a(N) 


o(Am. 


Using this and (30.36) with (30.34) gives 


du = 0{A(N + D). 


But since A'iy) ~ <f>'(y)A(y), 

pN-i-l pN+l 

A{N + 1) = 4(iV) + A'(v) dy S A(N) + 2] d>'iy)A(.y) dy. 


Since 
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(t)'{u) — 0 


Cw)’ 


A{N + 1) S AW + Cn . 


Or 


A(N + l)(l - S AW. 

Thus for large N 

(30.38) A(N 4- 1) = A(N) + 0| 

Thus (30.37) becomes 


yA(^)\ 


r I d 

J hr A. 


{A'(u)B(u)} 


du = 0(A(N)). 


Using this in (30.32) with T(u) = A'(u)B(u), 

pOQ 

/ P(u)A'(^i)B(u) du = 0(A(N)). 

Ja'+i 

Combining this witli (30.33) gives 

r p(u) {A(u)Biu)\ du = 0{A{N)). 
Jn+i du 

Using this ill (30.31) completes the i)roof of the lemma. 
Proof of Lemma 29.1. Let 


U(2) 




,2 \lA{n)ll-l 
2<fr(n) / 


where /I (a) is defined in (30.02) and [yl(n)J i.s the largest integer not exceeding 
A{n). Then 




log I G{x) 1 = S (U(w)] + 1) log 1 1 - X cT^ 

I 

Ileiilacing I/l(ri)] + 1 by a smaller quantity when it is tlie coefficient of a loga- 
rithmic term that is negative and by a larger quantity when it is the coefficient 
of a positive term, 

log I G'(x) 1 S S 4(™) l«g 1 1 - 1 

+ Z log I - 1 1 


i/l(n)<loK2 


for X > 10. But 


£ log 1 x^e - 1 1 < 2 log < 2 log a; Z) L 
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But (j)(;n) > for large n. Thus 

E 1 = o( E 1) = o(iog‘"‘*). 

i^(n)<logx n®<lo6® 

Combining the three inequalities above, 

log I G(x) I ^ 2 A(n) log I 1 - | + C 13 iog‘^";r. 

1 

Let 

(30.39) * = I !/ 1 < + 1), 

where y is unrelated to ^'Z. Recalling the definition of B{u), 

(30.40) log|(?(s:)| S + EV(«)B('«) +4(A')log| 1 - (*'| +£-'« | logx-r"-. 
But by (30.39), 

(Iogx)‘'“ = OmmY'-) = 0(»“‘’*»>) = 0(A(N)). 

Using this, (30.18) and (30.19) in (30.40), 

log I Gix) I ^ A(iV) log i 1 - c'" I + -|d (A^ - l)B{N - 1) 

(30.41) + ^ 1) 


+ ( ji* + I (u)B{u) du + CuA(N). 


W e now consider 

'JV-l 


nN-i fN—l Mu) 

(30.42) A(u)B(u}du = log | - 1 


du. 


Since m(u) is the inverse function of <l>(u), if v = the eciuadon (30.42) 
becomes 


/ A{u)B{u) du — I 

*^1 Je<m) 

Let V = xL Then 


cMtf-i) 


dv 


e'^cu o;(?n(log ?;)) 


log ( ~ 1 . 


(30.43) 


A(u)B(u) du = X J 




dt 


;-:r 7 )) (^2 ^ 


c^o)/* o!(m(log rr 

^e0(-W*”l )/5p 

“ ® ,o LTUTnETTEN 


h/a:i /2 Q:(m(log .Ti!)) ° \i^ 


1 + 


But for i > lfx\ by the mean value theorem 
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30 


(30.44) 


__ J. ^ 1 

a { w(log X 4- log O] Q! {m(log x ) } 


_ Q^4 ^ ^(lQg X + h log t)}m'0iOg X + hlog t) ^ 
cK^I w(log X h log t)} 

where 0 < A < 1. Since a' = (0')“ and m'(u) = , (30.44) becomes 


(30.45) 


1 


1 


^'{’^(log -'c + h lo g t ) } I log t 
Q!^ {m^fog X + h log 0 } 


a { '//i(log ;r + log 0 } « { m(log x ) } 

Since 7n(n) is monotone increasing and t > l/x'^^^ 

'?n(log X + h log t) > m(log x — log ^ m(-| log x). 

By (30.08), for large N this gives 

'/«.(log X + log i) ^ C' 2 m(log x) = C^m(<t>{N) + y) 

^ CM<f>{N) - ^'{N)) ^ - 1 )) 

= C<,{N - 1) > G\N. 

'Idius sinc(^ a i.s increasing and 0' decreasing (30.45) becioinos 

^ 0'(CliV)|log^| 


(30.46) 


1 __ 1 

a { ?w(iog X + log t)\ « { w(log x ) } 

Using this in (30.43), 


aKClN) 


rN-l po-l-iN-D/x /j \ 

/ A{il)B(u) (in = -j- r / log ( - 1 ) <U 

, a(?n(log .'«•)) 4 i/*w2 V" / 


+ 


(30.47) 




a(m(]og x)) 




)/a, 


log 




Making the transformation i — find using (30.46) as above, 


(30.48) 


f A(n)B(u) d'U - -y - --y r- f logYl 

O:(w(l0g Xj) J«0(A' K)/a: \ 


dt 


-h 




By iterating (30.07) and (30.09), 

d>'(ClN) = O(0'(iV)), a(N) = 0(a(ClN)). 

Thus 
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[IXl 


xcl>'{ClN) _ ^ 


) 


= , 

a\ClN) V«W ) 

By (30.10) 

= 0{A{N)). 

The two inequalities above used in (30.47) and (30.48) give 


0{A{N)). 


(30.49) 


{,\i + l^^Uu)B{u)du 


a(m(logaO) \Jo 


D/a /.CO \ ^ 

1 +U«Ji“e i-^,d/ + 0(.4(iv)) 


Let 

(30.50) g = h = 

Then since 1 y | < W{N), 

(30.51) 

= 1 - y ~ <I>'(N) + 0((4>'(N)f). 

Similarly 

(30.52) h = = i _ ^ ^ 0((4>'{N)f). 

Since by (29.11) 0'(A^) 0 as A?- oo, 

(30.53) 

for large N. 

From 


^2 <g <h <§ 


f 




dt = 0, 


it follows that 

+ 



dt 


dt 


Using (30.53) this gives 


(30.54) 


a ^00' 

+ / )log 


1 - 


'’0 

= - /‘log|i-l|(ii- floApdl. 


,h-l 

dt== - log I i I d!^ + OQi - ( 7 ) 

= ~(A - 1) log 1 A - 1 j 

+ (l7 - 1) log I <7 ~ 1 1 + 0(/i ~ g). 


Using (30.51) and (30.52) this becomes 
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" + r) log 1 - ,U = - ?/) log I - ■!/ + OiWWf) I 

0 •’h / 1“ 

- (^'W + y) log I ^'(.N) + J, + Oii't-'Wf) I 

+ omN)) 

= -wm - y)iog(<i>'m - v) 

- mm + y) log mm + ?/) + omm) 

= -<i,'(m log - /) + omm). 

Using this in (30.49), 

(f + L) = almtcS)) ' 

+ 0(1)1 + 0{A{N)). 

Clearly 

c{>iN) + y ^ m) + + 1) < HN + 1), 

<t>{N) + y ^ ci>(N) - W(N) > HN - 1). 

Since log ;r == <;6(iV) -f- y, 

7n(<f)(N — 1)) < m(log ;r) < 'm.(<j6(A^ + 1)). 

Or since 7n. and (f) are inverse functions, 

— 1 < m(log x) < iV + 1. 

Since a is increasing, this gives 

a(N — 1) < a(m(log x)) < a(N +1). 


(30.55) 


But 


I a(N db 1) - aiN) I ^ - 1))' g 


From the last two results 

o'(m(log :i;)) = a(N) + Oi(cf>'(N)Y). 


Thus 


Also 


a;(w(loga;)) a(N) 


4-0 


\ c7(N) ) 


X ~ e 


_ Am 
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Using the last two results in (30.55), 

(30.66) (^f" ' + j)Aiu)B(ti)du= -A{N)\ogW(N)f-r] +0(AiN)). 
Thus (30.41) becomes 

log 1 G{x) I ^ yl (iV) log I 1 — 1 + |y4(A^ — 1) log | 1 - | 

(30.57) + UiN + 1) log I 1 - | 

- A(N) l(3g {(4>'(N)f - y^\ + C^,A{N). 
By (30.04), since A'(u) is increasing for large it, 

A(N - 1) = A(iV-)(l + 0(cl>'(N))), 

and from this 

4(iY + 1) = A(iY)(l + O(0'(A^))). 

Using (30.51) and (30.52), 

log 1 1 - 1 = log 1 2<I>'(N) + 2y + 0((c^'(iY))“) | 

— log (<f>'(N) H- y) + 0(1). 


Using these results in (30.57) 

log I G(x) I ^ A(iV) {log 1 1 - e’” 1 + i log + v) 

+ J log mN) -y)- log WiN))- - y") + P,.) 


S4(JV).jlogU " 






{4’'(N)Y 






Take 5 sufficiently small so that if 

\y\< 250'(iY), 

then 1 y I < W(N + 1), as is possible by (29.12). Then the a, hove two in- 
equalities give 

log 1 G{x) 1 ^ ^(iV^)(log d + Cis). 

But this implies that for some 5 > 0 


1 G(x) I S 1, g ^ g 

as n CO. This gives (29.14) since G(x) is even. 

To complete the proof of the lemma it remains to prove that G(z) is of zero 
type. Clearly if r = [ z [, 
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[ :ii ] 


log I Giz) 1 ^ £ (i(n) + 1) log 4- . 

SincH? A/(;u) > 0 for large; u there exists some integer rii , such that ^4(w) is 
increasing for ii > iii . Also since 4>'(u) is bounded, there exists a Cm such that 


'i<t> ( u) 




Thus for larger r, 

log I G{z) I ^ (A(n) + 1) log (l + + 2 f ^(«) log (l + ^ 

1 \ / J m \ 


n S u ^ n + 1. 

Cior*^' 


2i/'(k) 


dll 


< 


Cao log r -f- 2 




“ "♦‘“V(u) 

a{u) 




dll. 


Let V = and let «((/) = (^{v). Since v increases with ii it follows thal,, 
like a{ii), (3{v) is monotone increasing and /3(y) — > co as v —> oc . Thus 


log 1 G(z) I ^ C 21 log r + 2 ^ log ^ 1 + 


C'lor^X dv 
) Kv) 


a Cn log r + log (l + ~'^dv 

a Cn log r + j j log (1 + C„r) + ^^4=) l„, loK (1 


log 1 + 


y‘l 

/Y 2 

(' l!l I 
V- 

(U'yr 


dv 

dv 

dv 


acviogr + 2j;'-u,g(i + cva + ^(,A)j„ 

Since ld(v) — > 00 as v — > it follows from the above iiUHiualil.y that 

u.,1 s»„ 1 s 

This completes tlic; lU'oof of the lemma. 

31. Proof of the main theorem. Wc; prove lirst a lemma. 

Lkmma 31.1. Let {X,i} he the sequence + k], (] k ] S 

0 < w < 00 ), where k and n are integers and <l}(u) and d are defined as in Lemma 
29.1. Let 


(31.01) 


m 


|K>-S- 


Then 
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(31-02) log = 0(\n<t>'{ni(\og X„))) 

where m{u) is the inverse function of 4){u). 

Proof of Lemma 31.1. From the definition of [X„}, to every X,„ there corre- 
sponds an N such that 




Mn),/, 


Thus from (31.01) 


log I F'(X,„) 


(31.03) 


-(r ■ 


1. 


X 2 


A^-l 00 \ 

S 4- log 

-I- Z' log 

where the prime on the last summation sign denotes omission of the term 
c*'"’ + k = K. 

Clearly for w < N, 


(e^m _j_ /c)2 


-f log 


Uk) = log - 1)(^ - i) - log (A - 1 J 


log 


(31.04) 


(e^(n) _ 

X^ - 2Xi(e '*^”^ + k^) + - k^ 

(\i - e2^<"))2 ■ le^GoLP^iy. 


, hi - 2X,Ue'^^"^ + k^) + - k^f 

(XL-e2^<"))2 


= log ( 1 


2/c4e^''^"> + X^) - k^ ^ 


Clearly 


Xm ^ e^^'"^(l - 5</.4iV)). 

For small .•?; > 0, 1 - .r > e""". Therefore for large N, 

\ \ >CiV)“-250'(A^) 

A jji C , 

Since 04"^) is decreasing, 

0(iV) - 250' (AT) > cf>{N - 26) 


and therefore 
Thus for large n 


hjn ^ C 


,<I>{N~2S) 




= /' 


(f)'{u) du 

^ (N - 2d - 


(31.05) 
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since an iiKjreasing function for large u. Using this (31.04) becomes 

In{k) > log ( 1 


2(xf„ + - /c' 


> log (^1 

> log ( 1 


(N - 25 4:'e^(n))2 

2 (XL + 

(N - '25 - n)2eVoo(<^'f^))2 
2/c‘ 

SV - '2^ -'n)2e2^<^(n)^ 


) 

jo^(n)) 2 ^ 


(■ 

log (l - (-^-32r- n)^) ' 


Sincc^ N > n and 5 is small, it follows that 


In(k) ^ 


-45" 

(iV - '7^ - '^)^ • 


’’I'll ns for large ?/-, 


E Uk) a 

1 :S/og J cTTl' ),/,'(„) (iV — n 


45 =‘<^>'(vi)c'^'"' 

' 25)2 ■ 


Urom this and l.lu^ definition of 7„(7i') in (31.04), using [;r| to rcipresent the largest 
integ('.r not (ixceeding x, 

~ S ’^’^'((0^00 _t_ j^y ~~ ^ 

xl 


^ E([250'(n)r>"‘^] + l)log 

n'«"l 


p 2 <i>( 7 i) 


where On:, c.ompensal^es for those In(k) wh(u-(i n is small. It follows easily that 


- 3 E |log(AF - l)| - W^'(N)c*'” - c^, 


Since 


log 


_ i) 


I n S N — 


takes its extreme values for n = 1 and n — N — I, 

.2 \ I .. MN-l) 


max 


log 


“ ly ^ 2 log + log • 
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Using (31.05) this becomes 


max 


“Oh ¥m) ■ 

But for large ?n, and by (29.10), l/0'(iV) < N, for large N. 4duis 

since for large N, log N < 0(A^) by (29.09). Thus (31.06) be(!omes 


J, > E2S<,'(n)e'*<”> log( - 1 ) - C,,N^(N) - - C^. 

?l=*l 


g 2 </>(n) 


By (29.09) and (29.10), N^(N) = 0(^,'(7V)c'*'''’>). Thu.s for largo N, 
(31.07) J, a E 2J*'(n)e«”> log - l) - 


For n > 77, it is easily shown that 
^ 2 


In{h) = log ( 1 - 


(e^(n) + ;c)2 


- log (i - 

//(X.), - 4c*“’x;,) 
*<”’^-‘x|)=Te*<'‘> - k-y-l 


1 / 2ex; .-6r^*<"*xie e(X.),-4o*"’x;,) \ 

^ ( (e2^‘(«) _ ;g2) (g2^(n) _ "I 


^ log n 


^ log i 1 


(^20 (ro t:' P) (e-A w - 

T - A:«)2 

_ _ 4/c^Xf„ ) 

\eUM _ ji; 2 ) (g^(n) _ T (g 2 ^(„) - ^ 2 ) 2 j ’ 


Since /c = 0 ( 0 *^ ” ) for large n 


In{k) ^ log |l — 

^ log(l - 


io/c“x! 


bk X,ii. 


Since 

(31.08) 


e2*(»)(e-A(n) Z'x,„)2 cWi0(^7r__^”X,5^ 

I6fc^x; \ 

e 2 .A(n)(g^(«) _ • 


- X,„ > (n ™ iV + 25)0'(iV")r>^^^ > 0 


in much the same way as in (31.05), and since log (1 — x) > — 2;:c for small 
a: > 0, 


In(k) ^ 


-32/c'xi 


e 2 .A(n)(g./,(n) _ * 



'Ey-:'-, ^.u. 
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Thorol'oro 

E IMt E i" 

- -.m (4, («)) X,,. (f r-x, ,T)- 

Since (l>'{u)e~‘^^'‘^ is decreasing for large u 

< X,„(«'{JV)r/'"%'(iV + l) (.#.'(A'))- 

- x;„)2' ■' ' f- * 

By (31.08) 

- X,„ > U'(N)e'^^''\ 

Thus (for large N), 

(*(^)) ^“‘h (r-i,:c^w)= 

S 44.'(JV + 1) ,,=*<«' li> -=*<''l + 2<I>'(N) 

S + eir*"'" + 2<I>'(N)<:*‘‘’'' < U^’W. 

(loinl)iiiing this result with (31.00) 

CO 

E E , , j^n(/c) a -sm’K„</,'(jv) 

> -1O0'(A^)c^^'"''‘' > --20</,'(iV)c'^^"\ 

Jie(‘alling the dcsfinition of J„(A:), tlu.s implies 

Z1 2 log fl - 
(3110) ^ (c-^oo 4- /c)v 

^ ..4, + 1) log (l - ,4]) - 20«'(JV)««''>. 

Combining (31.03), (31.07) and (31.10) 
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log|/<''(X,J I a 25 fi: + log C - N 

\ I ;V+l/ \ C~'P^>‘> 


(31.11) +f;iog(,i -4^)+ E' log II 


Clearly 

t log (l -^)iN log (l - JVo) + l.los ( 1 


+ W 




^ iVlog 


Xat+D 


) + E^iog(^i - 


( 0()V+1) \ \ °o 

„<A(Ar+i) 


( ipiN+l) \ \ 00 

-~^.ir-) + X i°g (1 




q<I>(m+i) 

By (31.08), (29.10), and later (29.09) 






iV+1 \ 


a iviogj,#,'(iv) - 'E2c 


-«0(n) 


2tf 




2Z^- 


Since by (29.10), 4/</)'(w) < u for large u, 

(31.12) f:iog(l - S -JVlogiV - C,. a -ft,4(iV)e««, 

where this last inequality also involves the use of (29.09), w" < 0(w). 

For large iV, using ^ without the range of summation indicated to (!ov(U’ 
the same range as in (31.11), we have 

E'log 


(e^w -j_ ^)2 


^ T'' log 1 — 

- ^ ^ d-/c 

^ Z' log 1 4- /c _ X. I - E' log (26^^^"^) 

^ Z' log I - X« I - log (26^^""^). 

But as A; varies over its range + /c — X^ takes on integer values from —ni 
to nz where 

(31.13) 

Thus 


ni + n2 = [25.^'(iV')e^^'^^]. 
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E t , 

log 


6 ( E + E ) log j - 25^'(JV)c*'''>(,#,(JV) + 1) 

\3~1 


(e^(AO + /c )2 

- (/"' + £'*) - 284 >'{NhiN)e'^^^^ - 28c}>'(N)e'^^''^ 


^ n-i log 111 + 'fh log 712 — 7ii — 712 — 28(f)' (N)4>iN)e‘^^^^ — 284>'{N)e^^^^ 
^ m log 7ii + 712 log 712 - 28(i>'{N)(l)(N)e’^^''^ - 4.8(t>'{N)e“’^''\ 

For fixed N, ih + 712 is fixed. By differentiating 

X log X + (c — a:) log (c — x), I ^ x c — 1, 

it follows easily that it takes its least value for x — 1. Thus using (31.13), 
III log ni + «o log no ^ (28(1)' - 2) log (2S(I>' - 2). 
fi'herefore for large N 


E'log 


1 - 


■(^(m _|: /b)2 


^ 28<l)'(N)e‘'^^^ log (28(1)' - 2) 

- 28(f)'{N)(f)(N)e'^^^^ - (5(j)'(N)e'^^^^ 
^ 28(j)'(N)c’^^^H\og(t)'(Ny^‘^^ + log (25 - 2e“'^^^V‘^'W) 1 

- 28 (l)'{N)(l)(N)e'^^''^ - G(/)'(A^)e'^^"'’ 

^ 28(f)' (N)c‘'^^^ \og(f)'(N) - 
Using this and (31.12), (31.11) becomes 

log I r(x„.) 1 a 2j(e + E)^'(n)/'”’ log 


(31.14) 




+ 28(f)'(N)e'^^^^ log (f)'(N) - C 2 ocf>'(N)e 


HN) 


By the same proof as used in obtaining Lemma 30.2, in soinowliat simpler 
form since here a(u) = 1, it follows that 


( E + Z) ) log 

\ 1 iV+l, 




(31.16) 


+ ^(f)'(N + ” log 


^,^'(iV - log 


1 




+ ( log 1 1 - I du + 


If the right side of (31.15) is handled by the same method used in the proof of 
Lemma 29.1 with the very great simplification that here a{u) is not involved, 
(31.16) becomes 
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[1X1 


( iV-l 00 \ 

1 iV+l/ 


log 


g2<^(n) 


- iog.#,'c;v) +o(.^'(iV)c*"'>). 


Thus (31.14) becomes for large m, 

(31.16) log I I a a -2C\4,'(N)\„ 


since 


The last result can be written as 

I gioB x,„-^(Ao _ j I ^ 8cf>'{N). 

Thus as m -4 CO 


Therefore for large w 


Or 


log \,n - (i>(N) 0. 


(I>(N) > I log X 


m{<l>(N)) > m[\ log X,„], 

which, since m{u) is the inverse function of (f){u), can be written as 

N > vi[^ log X J. 

Since ^'{u) is decreasing, it follows from (31.10) that 

log 1 F'(X,„) 1 > -2<73i0'{m(| log X,„)lXm • 

Using (30.08), 

log I 1 > ~2Cn4>' {C 2 w(log XJ} X„, . 

Iterating (30.07), 

log I I > -C32«A'{m(log X„0}X,„ , 

which completes the proof of the lemma. 

Lemma 31.2. If M(x) satisfies the requirements of Theorem XLV II, Hum there 
exists a function <h{u) satisfying the requirements of Lemma 29.1 and for small x 


^ exp [X„.^>'{w(log X„) } ~ Xnx] < Mix), 

A7j>10 


a; > 0, 


(31.17) 

where m is the inverse function of(f). 

Proof of Lemma 31.2. We shall deal mainly with nix) = log log Mix ) . Let 


niix) 


= i^ix), (^nix) ^ , 


mix) 
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Lei the. iset of intervals in (0, 1) wlicre fi(x) > \/x, he denoted by E and let- 
the coniplomen(.a,r.y part of (0, 1) he denoted l)y C{E). If 



f ni{x)dx < CO, 

Jo 

then 


(31.18) [ - 

-t f m(x) dx < 

X Jam) 

Since 

f ix(x) dx = 00 , 

Jo 

it follows from (31.18) that 


(31.19) 

/ g(;r) dx = 00 . 

J li 

Also from (31 .18) 


(31.20) 

I < OO. 

Jii X 


Since E is composed of intervals, tln^se can he arranged in order of (hs'naising 
length and denoted l)y (a„ , I,.), (a > 0). Tlien (31.19) gives 

00 

(31.21) E/ n{x)dx=^. 

But ju(a.„) ^ l/fin otherwise could not Ih^ the end-point of an interval of E. 
Siina! ii{x) is decreasing, it follows that 

1 •'((„ 1 •'“ii U.n 1 \(l7t / 

By (31.21) this beciomes 

(31.22) f;(;^ 

On the other hand (31.20) gives 

(31.23) ^ E f “ < °o. 

^ an '>a„ rr 

But (31.22) and (31.23) arc contradictory. Thus 

/ IJLi(x)dX — 00 . 

Jo 
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Again since miC'k) is never lai’ger then it follows thn,t if x is in C(E), 
= /-^(px) implies l/Jii(x) > ptiipx). If x is in E, then “ lA i>nd 

Hiipx) ^ l/ipx). Since p > 2, Imix) > pii(px). Thus 

ixi(x) ^ {x(x), fxi(x) S 1/x, 

and in addition satisfies the requirements of 
Let 


/Xiix) = X J d 7 j. 

Then mix) < fj.i(x) and is differentiable. Differentiating, it follows (lasily f liat 
ij.2ix) is decreasing. Using miy) < i/niy/p), 


That is, 


Also, 


Let 


M,(px) = px ^ r^p>,iv 

•ipx y^ 2 Jpx y^ 

= ixf>^dt = Wx). 

Piipx) < i-/X2(x). 

jf y2(x) ^ jf dxx j dy = ~ yi(y) dy = oo . 



Then ix-i{x) bears the same relation to ix2{x) as y2{x) docvs (,o 
is decreasing and is twice differentiable. Also 


(31.24) 

}xz{x) < 1/a;, 

Piix) < y(x), 


Pz{px) < hz{x), 

/ ix&ix)dx = 00 
Jo 

Clearly 

f P3(y)dy ^ 

K Z'XJ)* 

Si., 

*“•1 •'xph—l 


where K is so chosen that 


'J'lms /ua(.r) 


Thus 


1 ^ xp^ < p. 
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:n 


f (J'ziy)dy S - ^p'"' ^)pz(xp'‘ = x(p ~ 1) Z) Pz(.xp’‘~%'‘ 

A:-l *-»! 

By (31.24) 


ns(x) > 2n3(px) > 4:fi3(v^x) > 


Thus 


^ Ps(y)dy < x(v - Dpzix) Z < xp3(x)(p - 1) !“““£• 

But p^ < p/x and p > 4. Thus 

[ P3(y)dy < (p - l)fis(x)2~'^p. 

But ^ 1/x and therefore 


K „K log 2/log p 


2^ = p 




log 2/ log p 


44ius 


[^Mdy S viv - 

Letting x — > 0 and setting h = log 2/log p, 

(31.25) Vim x~^ tx^ix) = cc , 

a — >0 

Let 

/X4(:r) = ^P3(x) + 

Then by (31.24), for x < 1, 

1 

(31.26) pi{x) ^ Ip4{x), / fn(x)dx 

ir •'0 

and by (31.24) and (31.25) for small a; 

Pi{x) < p{x). 

Also 

(31.27) -P4ix) > ^hx~"~\ 

Let 

<i>(s) = 

•' 2 ® y 

Let <{>'{x) be the inverse function of <^x), Let 

4>(u) = [ <l>'(y)dy, 

Jo 


h > 0. 
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Then setting (•;/,) — x and 0 '(?y) z, y — ^’(2), 

I* i/> ' (0) 

<jf)(«)<^'(a) = </)'’(«) / ()>Xy)dy =—x z^'{z)dz 

•'O 

, X 

= —X ju.t( 2 z)dz ^ ~m4(2x). 

^ X ^ 

Since ^{x) < l/;r it follows that 

cl)(u)(ji'(u) = 0(1), 

Next consider Using = x, ti = d?(a;), 

cl>"(u) = l/clE(:r). 


IIX] 


Thus 

(31.28) 

But by (31.27) 

(31.29) 

Thus (31.28) gives 

Also 

(31.30) 

But 


lim sup 




lim sup . 

:t-() ;rAl>'(;r) 


-cU(;r) = 

X 


^"{u) = O((0'(a))^), 


^ ^ ^ (cU(r,0)2^ (ct>'(^y'' 


u — > 00 . 


//, ~> «5. 


ch'^(aO 


_ d iyl(2a;)\ _ d (\ 


dx 




d / y^{2x) 


Since ya is negative, 

'!>''(*) 6 I ~»(2.t) = I -t / r 

X dx X dx \j 2 x y^ '' 2x j 

^l_d rM'(y) y,( 2 x) 

xdxh^ y 

That is, $"(a;) > 0. But ^'(a;) < 0 . Thus (31.30) gives 

> 0 . 


> 0 . 


We next consider 
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■U(t>'(u) — ™ = u4'{'u) - ^ ^'(y) dy 

. r<#>'(0) 

= + 7 - / z^'{z) dz 

4p Jx 

= I (1 - T) ,.( 2 .) - . £” d, - . £_ d, 

^ 1 ' f - * l/iJr d 9 


By (31.20), Ai 4 (?/) < iMiCy/p)- 'riuis the above inequality becomes 

tic/>'(u) - ;^</)(w) ^ ^-M4(2 .t) - ‘i [ i^iiy/v)~ 

2p ip 2 J-ipx 

^ 1^4(20-) - ?m4(2:c) ^ = 0. 


Thus for larj:i!;(! a, 


« 0 '(w) > J 


0(w) 2y; ■ 

Since 0 '(m) is positive and decreasing, 


<l>{u) ~ [ 4>'{y)dy ^ 'a<//(ii)- 
Jo 


lim inf a' "(/)(w) ^ lim inf = hni inf a: 


Urn inf L( f -ii'M dyY \ 

a-U) ( \J2X y / J 


Using ( 31 . 27 ) this becomes 


lim inf u '^4){u) ^ lim inf <a; 


a-.7 rV 6 + l( 2 rr)^-^V / 

r — — ) ( - ) lim inf 

0 + 1/ \2/ S-.0 




Thus by (31.26) it follows that 


(.4>'{v)f dy = 00 . 

Thus 0(w) as defined here satisfies all the requirements of Lemma 29.1. 

We now turn to (31.17). Clearly if (^'{w(log 10) ) = c 

(31.31) XI ^ ^ Q-Kxfl 

^n>10 c>i/« '(m(log:X„) n«=l 

But (log X,,)} ^ Ijx is equivalent to m(log X„) ^ 'I»(-5^)- Since m.{u) is 
the inverse function of <^(w), this is equivalent to log Xn ^ or 

(31.32) X„ g 
But 

n4’(,x/2) 

0 (<h( 2 *)) = / dy. 

•'0 

Setting </)'(y) = z, 

z<y{z) dz = - n[{2z) dz 

/2 J /2 

= — -lni{2<j>'{0)). 

Thus for small values of x, (31.32) becomes 

X„ < 

and therefore (31.31) becomes for small x 


(31.33) £ g\.-/-'{m(logX,,)l-X„* ^ ^ 

x „>10 

Clearly for small x, 



(1/2 )X„® 
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Also the number of X„ ^ order of 'Plms (31.33) 

becomes 

X„>10 ~ 

for small x. But mix) ^ tj.{x). I'lius the proof of the lenima is compleled. 

Proof of Theorem XLVIH. This i.s an immediate con.scKjuence of Lcviiimus 
29.1, 31.1, and 31.2 once we prove that {Xnj a.s defined in Lemma 31.1 has 
density D > 0. If A.{u) is the number of X„ < w, clearly from L(‘mma 31.1, 

A('a) = XI 25</)'(n)e'^^“^ + O(u0'[m(log v)]) 

n g m(log It) 

where m(u) is tli(3 inverse function of 0(w). 

From this 

»m(log n) 

A('ii) = 25 dy -j- 0(u(h'lm(lofr u.)\) 

Jo 


= 25a + 0(w<^'[w(log 'll)]). 


Since (h'iu) — o(l), 


liin ^ = 25 = /O > 0. 


CHAPTER X 

THE GENERAL HIGHER INDICES THEOREM* 

32. Introduction. The following Tauberiaii theorem is duo to Hardy and 
Littlewood.^ 

Let {nk} he a sequence of increasing positive numbers such that 

^ 0 > 1 , /c = 1 , 2, . . . , 

let 

E o,e-"‘ = l(x) 

1 

converge for x > 0, and let 

lim f(x) = s. 


Then 

00 

12 a* = «. 

1 

This theorem differs from the usual Tauberian theorem in llial, there is no 
restriction on the size of the coefficients . Idio proof of this thc'orem that is 
of most interest to us here is due to Wiener.'’’ This proof is based on thci us(‘ of 
biorthogonal functions which will be used here. 

This theorem of Hardy and Littlewood, the higher indices theorem, can be 
stated in different form. If we set log — hk and assume that /xi > 1, tluui 
the higher indices theorem becomes: 

Let {Xfc} he a sequence of increasing positive, numbers such that 

X/i-i-i — X/c ^ L 0, k = 1, 2, • • • . 

Let 

00 r*oo 

(32.01) 12 (^k e"'”' e'' dy - f{x) 

1 •'Xfc-a: 

converge for any x < <x> . If 

^ Cf. Levinson, General gap Tavherian theorems, Proceedings of tins London Mathematical 
Society, (2), vol. 44 (1938), p. 289. 

2 Hardy and Littlewood, Abel’s theorem and its converse (11), Proceedings of the London 
Mathematical Society, (2), vol. 22 (1924), p, 254. 

3 N. Wiener, A Tauberian gap theorem of Hardy and Littlewood, Jonrnal of the Ohineso 
Mathematical Society, vol. 1 (1936), p. 15. 
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Urn /(.-r) = fi, 


W(i sliall gcaicralizo i-liis rosiilt of Hartly and Ijittlovvood by (ion.sidca'iiig 


/(:<0 = £ (In [ K(y) (iy 

1 '^K~x 


in i)lac(! of (82.01) for a wide class^ of K{x^. In oaae the (in are aiiilably roatri{vt(;d 
in size, Wiener allowed tliat the only neceaaary rcstrietion on K{x) for a Tau- 
berian theorem is l.hat its Fourier transform should noi, vanish at any jioint. 
That this condition is not suffi(‘ieut for a higher indices theorinn whei’e llie a„ 
are unrestricted we shall prove in the' following tlnmrem. 

Theorem L. // = n und 

f .. \ii n^l'l 

(32.02) (In = V ^ , 

n ! 


(32.03) 


exists, but 


(32.04) 


00 ^00 

lim X/ ((n / (ly — .S’ 

X— >00 71'-'l “X,,— X 


(l()(‘s not (umDcrgc . 

ddus theorem shows l.hat K(x) ~ even though its Foiwier tra,nHform 

(•' does not va,nish at a.ny [loiiil., cannot Ih' in(4uded in tln^ class of K(x) for 
which 


implies 


00 y^OO 

lim XI (In / K(y) dy = 

a;— ►oo 1 

X (In = -sy j K{y) (ly. 


Xm-I-I — Xn ^ 0, 


Proof of Theorem L. Since 


0 n\ 


“ In the case of ordinary Tauberian theorems, that is, where the a,, are restricted in 
magnitude, this generalization was made by Wiener. See, for example, A new ^nethod in 
Tauberian theorems, Journal of Mathematics and Physics, vol. 7 (1928), p. 161. 
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1X1 


we obtain 


Thus 




( 1) -ny-v'^l'^ 

,1^0 7l\ 

i-ir r.-r.y-y^r. 


J—x n^O 71. J—x 


dy 


= E 


p - 


„=0 7l\ 


-(!/+») 2/2 1, 


dy 


= E 

»=o 


i-lTe 

n! 


71 71^/2 


aCO 

*'n— ac 


-2/2/2 


dy. 


Let 


Then 


* = I 




lim E 


‘dy- I 


-J/2/2 


%• 


=1 n! 


poo 

/ dy 

^n—x 


This proves (32.0,3). Since as n — > ■» 

e"*'" 

— > CXD , 

n! 

it follows that (33.04) cannot converge. This completes tlie proof. 

Thus for Kix) = with Fourier transform k{u) = tlio liif 

indices theorem is not true, but for JC(a:) = with Fourier transform 

p(l _ it is true. Therefore a general higher indices theor/nn will he suffi- 
ciently restrictive to distinguish between these two K(t). 

In what follows we shall assume that 


Kix) 

J~<oo 


dx — 1. 


The basic result of this chapter is: 

Theokkm LI. Let 

00 ^00 

(32.06) • E an / Kiy) dy = fix) 

1 •'Xn-* 

converge unifo7'7nly for all x ^ X for any X. Let 

(32.06) X«+i - X„ ^ L > 0, n ^ 1. 

Let Kix) eL{— =», 0 =). Its Fourier transform is 
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[32 1 


/c(w,) 


(27r) 


y dx. 


Let k{u + iv) be an analytic function of w = u + iv, in the half -plane y > 0 and 
continuous for v ^ 0, and let k'{u) exist. Let c — 2v/L and let A he a positive 
constant. Suppose that ^ is a real variable. Let 


(32.07) 

(32.08) 

(32.09) 


max 


max 

lOgc 


k(u + I) 
k(u) 

k(w + ^) 


J(u) 


Ae' 


V ^ 0 , 


k(w) 

k'(u) 
k(u) 

ivhere 6{u) is a positive even function of u, monotone increasing for u > 0, and 

'”e(u) 


(32.10) 

Then 

(32.11) 


/: 


du < oo. 


lim sup I a„ I ^ Co lim sup 1 fix) 


where Co is a constant depending only on Kix) and L. 

This theorem reduces the higher indices to the level of an ordinary Tauberian 
theorem. Using Wiener’s general Tauberian theorem, a corollary of Theorem 
LI is that if 


(32.12) 
then 

(32.13) 


lim fix) = s, 


dk 


s. 


Here we shall prove a more restricted corollary. 

Theorem LII. Let the hypothesis of Theorem LI he satisfied. In addition let 
xKix) eL(— 00 , co). Then (32.12) implies (32.13). 

The statement of Theorem LII includes the Hardy-Littlewood higher indices 
theorem since 


kiw) 


i2r)^i^ 


r(i — iw) 


by well-known theorems satisfies (32.07), (32.08) and (32.09). 

Let us now see what excludes Kix) = e Here kiw) = e ^‘/ (27r)^^^ 
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1X1 


and clearlj^ (32.08) and (32.09) are satisfied. As regards (32.07), for large v. 


max 

l«|g« 




C 


u^i'i 




and therefore here d{u) = \ u \ . Odius (32.07) is not satisfied and it is i-his tliat^ 
excludes . This shows at once that requirement (32.07) is essential. 

Once (32.07) is assumed, (32.08) is implied by what are apparently much weaken- 
restrictions, but this is of little interest since for the usual (32.07) will 

assure (32.08) anyway. As for (32.09), it is no restriction at all foi- the usual 
K(x). Under very general conditions (32.07) will in fact assun^ the much moni 
stringent 


Jc'(u) 

k(ti) 


^ d(u). 


Thus (32.07) is the basic criterion for Theorems LI and IjTI. 

Clearly (32.09) implies that k(w) 7 ^ 0 in the halj-planc, v ^ 0. 1 1 (^an la; shown 

that in fact k(w) can have a finite number of zeros in the half-i)lane v i: 0, so 
long as k(u) 0, (| w 1 ^ by varying the proof given hei'(' foi- tlu' case- 

where there are no zeros. 

An alternative statement of Theorem LII is 


Theorem LIU. Let {gn} he an increasing sequence such that 

Pn-hl/Pn ^ L > 0 . 

Let 

00 

23 anNiXfXn) = fix) 


converge uniformly for x ^ Xo for any .ro > 0. Let N^(xi) e L(0, co) atnl A'(.r) 
• log x € L(0, co). Let 

If kiu + iv) satisfies (32.07), (32.08) and (32.09), then 

lim fix) ~ s 

implies that 

00 

23 ak = s/NiO) . 

1 

A particular case of this theorem is Nix) = a;e”V(l ~ c"®), for which 

><U) = r(i - «)f(i - iu). 

That k(w) satisfies (32,07), (32,08), and (32,09) follows from well-known 
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[ 1 


theorems oji the, gamma and zeta functions. A series 


E 


CLii 


1 - e"""* 


is known as a Lambert series. Thus a corollary of Theorem LIII is that the 
higher indices theorem holds for Lamhert series. This result was unknown before 
the proof of Theorem LH in 1937. In fact the Hardy-Littlewood higher indices 
theorem remained an essentially isolated theorem until the theorem for K(x) 
was proved. 

We shall also prove the following result. 

Ti-ikorem LIV.*’ Let the hypothesis of Theorem LI be satisfied. In addition 
let xK(x) e L(— co). Then 

(32.14) lim inf {f{x) — s} = - SI, lirn sup {f(x) - s} = i~l 
implies that 


(32.15) 


lim sui) 

n -^00 


2 ttfc — « 

I 


^ C\i} 


wh(‘r(‘ Ci is an ahsolnie constant depemling only on L and K(x). In paxtieidar, 
if XnH-i — 'hn —> then Cl = 1. 


33. Reduction to a lemma on biorthogonal functions. Tlu' proof of Theorem 
LI can b(^ at once* reduced to the proof of the following lemma.. C-i , Cn , • ■ • 
denote positive c.onstants dc'pcmding only on L a.nd K(x). 


Lkmma 33.1. 

If the hypothesis of Theorem Id is satisfied, then 

' exists a. sei/nence 

of funelions [lin{ 

X, B)], {n ^ 1), such, that 


(33.01) 

[ \ lUx,B)\dx < (L, 

J— 00 


(33.02) 

R.{x, It) = 0, 

X > CuB, 

(33.03) 

f' 1 lUx, It) 1 dx. s , 

•'-oo An 

n ^ 1, 

(33.04) 

,.00 poo 

/ Unix, B) dx / Kiy) d,y — 0, 

J_oo "Xfc— a; 

k 7^ n, 


and 


(33.05) lim / Rnix,B)dx / K(y)dy = 1. 

Before proving the lemma we shall use it to obtain Theorem LI. 

® ForJifa;) » this tluMjrcm was proved liy liiglnun, On (Me Idfdwr indices Ihoorem, of 
Hardy and Liiilewood, Quarterly Journal of Mathematics, vol. 8 (1937), p. 1. 
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Proof of Theorem LL Clearly 

/ oo »oo 00 /»00 

Rn{x, B)f(x) dx = / R„ix, B) dx cik / K(y) dy. 

00 «/— 00 fc=l 

Since Rn(x, B) - 0 for x > CzB and since the series on the right converges uni- 
formly for X < CzB, integration and summation can be inverted to give 

[ Rn(x, B)f(x) dx = J2 CLk f Rn{x, B) dx f K(y) dy. 

J—oo J— 00 •'Xfc — X 

By the orthogonality property, (33.04), this becomes 

/ oo ^00 rt oo 

Rn{x, B) dx / X(?/) dy = / Rnix, B)f{x) dx. 

By (33.01) and (33.03) 

\f Bn(x, B)f(x) dx ^max|/(.'r)| f \Rn{x,B)\dx 

I V-— 00 V— 00 

^00 

+ max I fix) I / I Rnix, B) 1 dx 

r&X„/2 


^n/2 


< Jll- 

= ^l/2 


An 


max \fix) 1 -h Cz max l/(a;) |. 


Thus (33.06) becomes 

/ oo ^CSO 

Rnix,B)dxl Kiy)dy 

00 “X,,— a 


»feX„/2 


max I fix) I + Co max jfix) j. 

Xn *gX„/2 


By (33.05), letting J5 — ^ , this becomes 

1 an I ^ max |/(a;) | + C 2 max |/(a:) j. 

Xn »&Xn/2 

From this (32.11) follows at once, showing that Theorem LI is an immediate 
consequence of Lemma 33.1. 

Theorem LII can now easily be proved by an argument like that originally 
used by Tauber. 

Proof of Theorem LII. There is obviously no restriction in assuming that 
s — 0 ; that is, 


By (32.11) it follows that 
(33.07) 


lim/(a:) = 0, 


lim ttn — 0. 


Let us now take 
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V,1 = + Xnfl)- 

Then 

2 at J K(y)dy + ]£ a^. f K{y)dy = /(j/J. 

1 •'J'A:— I'm « + l 

This can be written as 

&.um) ± a, -ta, r" K{y) ,ly + t a, f Kiy) dy = /(..), 

^ I •'-M n + l 

Clearly 

X) «/: / (by 

1 J_ 00 

[>^] p^k-y,, n 

^ X/ 1 ((/. 1 / I7v(;v)|^//y+ X) I (»/.: I / [ ./v(yy) | ^by 

1 *(-00 (n/2H-l J-M 

^ max I ri/, I J] / 1 /x(;/y) 1 (by + max j a/, j X! / 1 iCOy) | (by 

•/--OO k'^nhl [n/21 ./-oo 

= max I aic \ n / | K{y) ] dy + max | «& | X / I 7C(?y) | dy 

*'—00 k'^n/'i j“0 A. OO 

p-'ir.n CO (1/24-y)/, 

/ I iv(7y) I (by + max | a*. | X (.'/ 0 / 1 K(.y) \ dy 

•'-W A:^. n/‘2 i^{) J-(3/2+/);. 

2 « 00 ,.-(1/2)- j);, 

1 -f / I yK(y) 1 (by + max 1 a,, 1 y X / 1 ;(yA'(?y) I d.y. 

‘'•-00 /c?;n/2 IJ /«0 


^ max I (Ik 1 11 


^ max I (lu 


From this it follows a,t once tliat 

fXit-l'H 


(33.00) 


Also 


(33.10) 


n pkk-yn 

X (Ik / K{y) dy 

1 J™ 00 

n p-nun n f-r.l'i 

Y / 1 yj<-iy) I dy + max 1 ak 1 r / ] yK{y) | dy. 

*'—00 Aj^w/2 id V-— 00 


S. max I «/. 


00 I*C>0 00 y»00 

X ttk / K(y) dy S max | a* [ X / 1 •K^(?y) I dy 

n-fl ^'kh-yn k^n y«»0 •'(l/2S-j)/. 

(3/2-b)i 


00 ^(3/2-l'»i 

1 at I XI (i + 1) / 1 K{y) 1 dy 

I j'-o •((i/2-f-y)(, 


^ max , „ , ^ 

h>n )“"0 


^ max [aklj f 1 y^(?/) I dy. 

h>n JU JL/i 

From (33.08), (33.09), and (33.10) it follows that 


(33.11) 
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E 0 . - fM S max 1 1 ^ I vK(t/) I d„ 

1 X/ J—00 

+ max I ttfc 1 Y f I yK(y) 1 dy. 
k^n./2 Jj J—oo 

By (33.07) and the integrability of yK(y) it follows that 

OQ 

XI aic = lim fiPn) = S- 

1 7l-»00 

This completes the proof of Theorem LII. 

Proof of Theorem LIV. There is no restriction in assuming that s = 0 since, 
for example, ai can be replaced by ai — s. Thus (32.14) becomes 


(33.12) 


lim inf f{x) = — 12, lim sup f{x) - 12. 


It follows from (32.11) that 


lim sup la,,] ^ Go 12, 


Used in (33.11) this gives 


(33.13) 


lim 

•n-*oo 


±a,-fM flymidy, 

I Jj 00 


from which (32.15) follows easily. 

We now consider the case in which Xn+i — Xn — > = 0 . For PI > 0, lei 

=0 /*O0 

Z; aic / K(y) dy = /iv(.'c), = min (X^.i - X/^). 

iV+l •'Xfc-a k>u 

Applying (33.13) to /Ar(a;)', 


lim sup 

n-^oo 


Z — Uivn) 


N+l 


< 




[ 1 7jK(y) 1 dy. 

J—OQ 


But 


Thus 


lim 

71— >00 


/(^n) flfiVn) X/ 
1 


lim sup 

n— >00 


Z - fM 


< 


2c,ii r 


^ f 1 yMy) 1 dy. 

J—oo 


Ln ‘'—00 

Taking N sufficiently large we can make I/jv arbitrarily large. Thus 


lim 

71-700 


Z Cf'k — f{vn) 


0. 


Therefore 
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I 31 j 


liin Hup 


Z1 (h 


S lim sii}) I /(j/„) - s 1 + lim 


£ (Ik - J{vn) 


I liife pi ovGs Cj I — 1 wiuui — Xu — ^ . 

34. Proof of the lemma. We now turn to the irroof of I.emma 33.1. XVc 
will require several auxiliary results. The first of these is an interpolation 
result. 


IjEmma 34.1. I< 07' emo'y a > 0 llum'. exists an Hni^) e L(— co, oo), such that 
(34.01) II, XX.) = 1; //n(X,) = 0, k 9 ^ n, 

where [X^} (U'c as in Theorem LI. If 


(34.02) 


/iji(w) — 




ds, 


then li,Xu) — 0, 1 M 1 > c, and 


(34.03) h,Xn) = fj.Xu)e-"^^'', 

where. 


I (I.iii) I < (\ , I aWe 1 < C'„ . 

Pi'naJ <,J Lriu.iiiit .i 1.1. (Jiis pruol i, is some lixtul pusitivn integor. 

For — c/i < A; < GO 1(!(, 


(Tfc = .J/i’/v if I 'jiklj — X„, -f- X„ I > IL lor all ni > 0, 
(T/.: = .',7i;/y if hlcL — X,„ -(- X„ = }L for some 7 / 7 , 

CT/i = Xin Xu il \.Ij ^ i/c/v Xj;i. ~|~ Xn ,}/./. 

4'his tielines {(r;,.} uniquely a.utl 


Also 


I ^ \L. 


cr/j-i-i — <Tk ^ llj. 

Moreover |(T/,| iueludes {X,u — X„) for all -m n.. 
Let 


Then 



T(s) 

T 00 

- Jj , TT 

1 — s/or/c 

X S / CT— /ij 

sin 2-778 /L 

2t| s I 1 

i - 2s/IcL 

r+2s7kL 


Clearly 
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IX J 


1 — s/<Jk 


i — 2s/fcL 


^ 1 "h 
= 1 + 


s(o'fe ~ 

(Tk{s — ^kL) 

U1 


^ 1 + 


m s 


\k\L- JL)|s 


< e 


\glkU-kLl‘i)\ 


(2! /cl - l)ls - pL 

If N is defined by |iVL - IL ^\s \ < \NL -|- \L, if s is in the right half-phuie, 
and if indicates the omission of /c = 0 and k = N, then for 1 « | > lOL 


E' 


1 


< V .1 

== T ^ 7,2 ' 1^1 I 7, 


[Ar/2] 


_ _ __ „ -n V A 

k{s - ^kL) 1 = L ^ 7c2 ' ) s 1 -tfi I /c 1 I s I 1 k 


N [7vm+i W- N 

+ ?. - 

^ L 2 ^ (n - JV - -1)2 


1 


2 AT 


+ Ie 


1 


< IQQ log I g I 
== i7{ ■ 

This must hold just as well for s in the left half-plane. Thus for 1 s 1 > lOL 
by the three results above, 


TU) 

S lOOL 

S CTff 

sin 2Trs/L 


s — ^NL 


It follows easily from this that 

(34.05) 1 T(s) 1 ^ Ci{l + I « 


where t = Sfs. 

From the definition of ak it follows that in an interval of length 5007^ tlua'e are 
at least 200cr/c not of the form X,n — X„ , (???- > 0). Let such crk in (~25()L, 
250Z/) be denoted by ti , rg , • • • , . Then by G^d.06), 


Let 


ns) 


(1 — s/ti) • • • (1 — s/t20o) 


< „ 

= (i + isir 




//n(s) - 


T{s - X„) 




Then Hn{s) satisfies (34.01). Also 


(34.06) |g.W|g (i + |r-x„ D<-‘"'- 

where we recall that c — 2^1 L. If 

= 72^8 £ 


PH, OOF OF THE LEMMA 


11)7 
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then by (34,06) 


Similarly 


1 gn{u) 1 < C'o . 


I (/n{u) 1 < (7io . 


By tho Cauchy integral theorem and (34.06) the jnith of integration for f/„('a) 
can be closed in the lower half-plane if w > c giving f/,,(w) = 0. A similar 
result holds for u < —c. Thus 


1 gn(u) 1 = 0, I w 1 > 0. 

If hni'u) is defined as in (34.02), then clearly 

This completes the proof of the lemma. 


IjEmma 

34.2. There exists a function (f)(u + 

iv) analytic in the 

upper half- 

plane v ^ 

0 and such that 



(34.07) 

1 tl)(u 4- iv) 1 ^ One'' 

I I'? 

) 

V ^ 0, 

1 </)('//) 1 is 

even, and 







(34.08) 

1 <l>(u) 1 ^ 0„ f-j— 
. 1 . -r u 



where 0(u) 

satisfies the eondiidons given in Thcon 

nn LI. Moreover, 

if 

(34.09) 

I lip')} 

1 r” 

L 



ViCv/fV 

(34.10) 

1 <I>(.v) 1 g CV . 1 

1 S Cn , 


and 




(34.11) 

4K0) = 1. 




In this lemma s is a real variable. 

Proo/ of Lemma 34.2. Let di{u) be an even function of w dofiiKHl for u > 0 
by 

Bi{u) = id{u) -I- 

Clearly Oi{u) is monotone increasing for u > 0. Let 
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[X] 


Y (32.10) the above integral d 
half-plane y >— 1. ForM>0 

diiu) r 

*/o 




— I -f- i(v + 1) 

By (32.10) the above integral defines X(u, v) as an harmonic function in the 


x(tt, 0) a i f 

TT Ju 


dliO 




di 

i + e 


TT Ju (u — -)- 1 

^ ^9i(u) ^ 26(u) + 

Since \{u, 0) is even, it follows that, for all u, 

(34.12) X{u, 0) ^ 2e{u) + I u 

It is well-known that there exists a function v) conjugate to \(ii, v). Let 
w = u iv. Then 

g(w) == X(u, v) -f- iix{u, v) 


1/2 


is analytic in 

the half-plane v > —1. 

Since \{u, v) ^ 0; 

(34.13) 

[ 

i ^ 1. 

Along the real axis, by (34.12) 


(34.14) 

1 1 ^ 

20(u)--|m I ' / 2 

e . 

Let 




(2x)i^2 

J—QO 


$1(5) is not identically zero since it is the Fourier transform of '’I'luis for 

some value of s, 4>i(s) 0. Let such a value of s be a. Then 


(34.15) 

Let 


(27r) 


1/2 


£ 


-g{u) — iau 


du = b 7 ^ 0 . 


<[)(w) 


-oM-\-iaw 


Then by (34.13), (34.07) follows, and by (34.14), (34.08) follows. Ijot <I>(.s) 
be defined as in (34.09). Then by (34.15), (34.11) is satisfied. (34.10) follows 
easily from (34.08). This completes the proof of the lemma. 

Proof of Lemma 33.1. Using the terminology in the statements of fifiuHn'em 
LI and Lemmas 34.1 and 34.2, let us define 

(34.16) Tniu, B) = k(y)<l>{By)gn{u - y)P^’'^ dy. 

By (32.07) and (34.04) 


[ 34 ] 
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I ?-„(w, I ^ / I (t){By) 1 dy < CbIu / 1 (3S(?/) | d?/. 

"u~c 

Thus for I M I S 2c it follows from (34.08) that 

(34.17) Ir.iu, B)\ £ Ctlule”^' f \'l>(.y)\dy £ Cm\u\. 

J-.00 

For 1 u 1 > 2c and B > 2 it follows from (34.08) that 

(34.18) I )'.(«, B) \SCt\u |c'‘“' r <l,(v) dy £ 

J |ul 1 -T W“ 

Thus 

(34.19) [ \rn{u,B)\du<Ct8. 

*/— 00 


From (34.16) we also have 

A lc''”‘“r.,(„, 7J)1 = mmuh'.in - yY'-" dy 

-( 2 -,-)^K«)(^ - “^)L - y)Y"^dv. 

Treating each of the terms on the right in a manner similar (;o tliat uscmI on 
(34.16), it follows easily that 


(34.20) 

If we define 


d,u 


{e‘“^-‘r„(u, B)} 


1 +?!“■ 


li.ix, B) = , £ rj,u, BY'-du, 

it follows from (34.19) that 

(34.21) 1 11, {x, B) \ < Cm. 


Also 


jR„(a; + Xn, B) == 



/ oo 

r„(w, 

00 


du, 


and integrating by parts, 

-ixR„{x + X„. IS) = . 2 ^, ~ {r„(u, j8)<i“*le’'”(iM. 

By the theorem for Fourier transforms, Theorem E, and (34.20) 
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[X] 


(34.22) f I Unix + X„, B)fdx ^ C 20 . 

J— 00 

From this and (34.21) it follows by the Schwarz inequality that 

[ B)ldx < C2. 

J— 00 

This is (33.01). 7\.gain by the Schwarz inequality 

„x„/2 f .00 y/2 f , y/2 

\R„(x, B)ldx ^ ^J_jx - Xr.y\RM,B)l^dxl (;r-T„)^| ’ 

Using (34.22) we have (33.03) at once. 

Clearly by (34.16) for real w 

rn(w, B) = - V)\^n{y)dy. 

But this definition shows that r^iw, B) is analytic in the half-plane v > 0 and 
continuous in v 0. For w ^ 0, by (32.08), (34.07), and (34.04) 

1 Tniio, B)\ ^ B\w\ . 

Or for B > 2 

(34.23) I rn(w, B) j ^ w ^ 0. 

Theorems C' and C of Phragmen-Lindelof, (34.18) and (34.23) im])ly (hat 
in the upper half-plane y ^ 0 

From the definition of Rn{x, B), it now follows that for x > 2 BC 22 tlu'. pal.h of 
integration can be closed in the upper half-plane giving 


Rn{x, B) — 0, 


> 2 BC 22 , 


and this proves (33.02). 

(34.16) can be written as 

(34.24) ^ - ,;))/,..(,/) dy. 

By the definition of k(u) we have 

J Tniu, B)k{u)e"‘^ du = J Tniu, B)e'''^' du j Kix)(r''*^' dx 

= £ K{x) dx £ r„(u, du 

~ f K(x)Rn(y — X, B) dx. 
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The repeated integral here is al)solutely iutegrable, so that inversion of the 
order of integration is permissible. The result can also be written as 

/ OO -00 

r„(w, /i)/c(a)c’“"d'a = / Rn{x, B)K{y — x)dx. 

00 oo 

Integrating with respect to y, we have 

Tniu, B)kiu) k — du = / Rn{x, B) dx / Kiy — x) dy. 

00 ^ V— OO S 

Since B)/u eL(— <») by (34.17) and (34.18) and since k(u) is bounded, 
it follows by the theorem of Riemann and Lebesgue that 

linr = 0. 

a— >00 V— oo lU 

Letting a — ^ oo in (34.25) we have 

(34.26) -[ Rnix,B)dx[ K(y)d.y, 

00 00 •' 8 — X 

since the repeated integral on the right is absolutely iutegrable. 

Let 


(34.27) 


Jnis) = J d.u k(u - y)(f>[Biu - y)]hn(y) dy 


2t 


r ,ln r B 4 ,{/ 1 (U - v)VUy) dy /' ” dx. 

J— 00 J— c 00 


That this repeated integral exists and is absolutely integiable is ch^ar if it is 
written as 


rK{x)dx rhM«‘”dy 

uiTT J— 00 0 •'—00 

It follows from (34.09) that 

ll dm dx £ A..(y)«““- 1 . k dr) dy 

= ff.(s) r i?:(s:)<r. 

J^co 


du. 


(34.28) 


s — X 


^ dx. 


Since (34.2G) is the transform of the left side of (34.24) and ,/«(«) is tlio transform 
of the right side, (34.26) and (34.28) are equal giving 

(34.29) J” Rn{x, B) dx K{y) dy = iT„(s) f K{xy^ “..f ^ dx. 

Since HnO<m) ~ 0 , {m 9 ^ n), (34.29) with s = gives (33.04). Since HniK) ~ 
1, (34.29) becomes, with s = Xn , 
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J Rn(x, B) dx K(y) dy = j K{xy^ dx 

K{x) |$(0) + J dy I dx. 

Using $(0) = 1 and (34.10), as J? — > oo 

«oo floo »00 .r)/iJ 

/ Rn{x, B) dx / K{y) dy = 1 + / Kix) dx / 4>'(?/) dy 

J— 00 “Xn— a «/— 00 */0 

= 1 + / iG(a;) dx / <&'(?;) % 

J-Sl/2 Jo 

+ (LT + £.) f (S~) - 

= 1 + = 1 + o(l). 

But this is (33.05). This completes the proof. 


CHAPTER XI 


lliE CENPIRAL UNRESTRICTED TAIJBI^RIAN THIOOREM 
FOR FARCER GAPS 


36. Reduction of the general theorem to the basic lemma. In <,ho hist 
chapter we provcal l)y an example, Theorem L, that, tlie higher indices tln.mrem 
is not true foi' K(.r) — The question now ai'ises as to whether a 

more stringent condition on (X„| than tlu' condition X„.|.) — X„ ^ L > 0 of the 
higher indices tlieorein would b(i (uioiigh to give an unrestricted Tauberian 
tlieorem for K(x). (By an unrestricted Tauberian tlnionnn we mean one where 
there is no restriction on thc^ siz(‘. of the co('ffieient.s of the sc'.rins involved.) We 
shall see that such a tlieorem ('xists and that for c i he basic require- 

ment will essentially amouid. to 



The following (lumrein is an example of tlu' n'sults of fhis ehiiptei' and is a- 
corollary of the eonsideralily more general TIu'orem bVl (hat follows it. 

Theorkm LV. LeL 


Z) (In / Kill) (In = /(.r) 

1 A„-x 

where the series eoiirerges uniform, ly for .r ^ X for all X. Let 

(35.01) Xn-K - X„ ^ X„ ~ X„.., , /(.>!. 

Let A (a) he the nuniher of X„ < u.. Let K{x) e L(— ‘-o, «3) (mil let 


kill) = 



Let there exist a fmicUon k(,w), w = u ~\- iu, ('.oiiundimj with k{u) for reed w ami 
analytic for v ^ —2S for some d > 0. Let aiu) be a 'positiue euen, fanction in- 
creasing for ti > 0 such that 


(35.02) 

(35.03) 
then 


log 


kfw H- s) 
k(ivj 


S\s \ «(j w 1), 


V — 5, 1 ,s 1 ^ 5. 
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f(x) = 0(1), 


a; 


CO 


9 


implies 

(35.04) CLn = 0(6^^"), 

for some A depending only on K(x) and 


While (35.04) is not yet of the form a„ = 0(1), it gives a sufficient hold on 
a„ to make further deductions comparatively simple.^ 

Condition (35.03) states that the faster aiu) grows the slower A(w) must grow. 
For K(x) = e“*'^V(27^)^^^ k(u) = c"“'‘^V(27r)^^“ and therefore in this case a(u) 
is essentially \u \ . Thus (35.03) becomes 


This is equivalent to 



which in turn is equivalent to 

00 ^ 

(35.05) 

1 An 


It will be seen in Theorem LVIII that (35.05) is a best possible res\di). 

To avoid the somewhat restrictive condition (35.01), the following more 
general theorem is necessary. 

Theorem LVI. Let 

E a„ r K(y) dy = /(*) 

1 *'Xn— a; 

where the series converges uniformly for x ^ X for all X. Lef 


(35.06) \n+i - X„ ^ L > 0. 

Let A{u) be the number of \n < u. Let K{x) e L{— co, co) and let 

Let there exist a positive even function a{u) increasing for m > 0 and let 


(35.07) 


pi{u) = max / 
Jo 


4:X 


x^ + y‘^ y 


My) , 
dy, 


^ Here we shall use the method of this chapter to show that (35.04) loads to a,, * 0(1). 
This fact also follows from a result of Pitt. H. R. Pitt, General Tauherian theorems, Pro- 
ceedings of the London Mathematical Society, vol. 44 (1938), p. 243, Theorem X. 

2 Condition (35.06) can be very considerably weakened without affecting the theorem 
and is of secondary importance here. 
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and for d > 0 let 

p(w) = min (5, pi(w))- 


Let there exist a function k(:w), 'to = u + 'io, coinckiiiuj with k(u) for real w and 
analytic for v ^ —p{u). For complex s let 


(35.09) 

(35.10) 

for some M > 0. Let 

and let 

(35.11) 

If 

(35.12) 
then 


log 

log 


k{u ~|~ s) 
/c(V) 

h{w + s) 
k{tv) 


^ I .s 1 «(w), 1 1 ^ p{u), 

S M 1 'to 1, 1 « I ^ p(l w I), V ^ 0, 


Oiu) = max {piv)a(j))] 

v^n 


log 


k'(u -f-; s) 
k(u) 


0(u), 


s 1 ^ p(u). 


ro(u) , ^ 

/ - du < CO, 

Ji n- 


m = OH) 


as X — > CO 


'!.S 


a„ = 0(c''^’‘), n~>oo, 

for some /I dcpemimj only on K{x) and {X„j. 

This thoorein is the basic result of this chapter. O'o (u)tui)l(ite this result the 
following theorem is iiecessiiry. 

Theorem JjVII. If in adddUon to satisfying Theorem. LVl [or LV] K{x) ~ 
/or some e > 0 as x ~> co , then 


(35.14) 


lim sup [ a„ I ^ Co lim sup | fix) | 


for some Co depending only on K{x) and {X„}. 
From (35.14), Tauberian results, such as 

fix) s 


implies 
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'y j dn — 6' 


or such as 


implies 


lim hif {f(x) — i’} = — lim sup {/(x') — .s'| 


lim sup 


^ 1 (I'll s 


^ CiQ, 


follow quite easily exactly as iu the previous chapter, making it uim(H‘(^ssa,iy to 
reconsider these results here. 

That these results are best possible at least for K(x) — c '' (27r)‘'’“ is shown 

by the following theorem. 

Theorem LVIII. If — X„ ^ T > O'* and 
(35.15) 


“ 1 

^r= 

1 X„ 


theii there exists a sequence [dn] such that 

(Stt) 
but 


OO -CO 

lira E a» / ‘‘V = “ 

x-^oo I * 


^ > dn 
1 

diverges. 

We now turn to the proof of Theorem iWl. Tins i)r()of rescmibles that of 
Theorem LI in many respects, although it differs radically from it in c-erlnin 
respects. 

Lemma 35.1. If the conditions of Theorem IjVI are satisfied, there, exists a 
sequence of functions {i{!n(a;)} such that 


(35.16) 

(35.17) 

(35.18) 
and 

(35.19) 


n - > OO 


[ I K„(x) I (fa = Oie-'’-’). 

J— 00 

Unipf) — 0, X,i “C CO, 'll (), 

/ OO nOO 

Unix) dx / K{x) dy = 0, k 9 ^ n, 

■00 •'Xt— » 


f Rn { x ) dx f K{y) dy = I 

J—ao J’Kfi—X 


where A depends only on K{x) and {X„}. 

2 This condition can be very much weakened. 


3G 


IKISI’KNCE OF AUXILIARY FUNO'riONS 


207 


Before in’oving tbi.s lemma we sliall use it, to lu-ovui Theorem LVl. 
Proof of Theorem LVl. Multiplying I, he e(iuation 


00 -00 

S (ii, / Kiy) dy = fix) 

by Rifx), integrating over (- = 0 , = 0 ) and inverting the order of integration and 
summation as is allowed since Rifx) = 0 for large x, we have 

CO nOO «ca nOO 

(Ik / Unix) dx / Kiy) dy = / /(.r)/?„(a;) dx. 

J— 00 •'X/j— * J— 00 

By 1,li(i biorthogonal property of Rn(x) this becomes 

dn = / fix) Unix) dx. 

J — 00 

By (35.16) and/(;r) = 0(1) this becomes 

a„ = 0(fi'''^"), n — > . 

This ])roves Theorem TAT. 

36. Existence of auxiliary functions. T3('fore i)ro(UMMling fnrtlu'r \v(^ shall 
l)rove that we can assume 


(36.01) 

For su])|,)<)S(5 that 


lim = 0. 

u'— *00 X 


lim sup = a > 0. 

a; -too a' 


Then since Aix) i.s non-decreasing 

. V r Ta; Aiy) , 

piiu) = max / „-v - dy 

x^a(u) Jo ;(•“ + ?/“ y 

(36.02) ^ lim, sup f 

x-*oc Jx XX -b y- y x -00 Jx ox“ 2x 

2 A(.r) 2 

= hm sup ~ ™ = p a. 

X’^oo 0 0 

But if piiu) ^ 2a/5, it follows from the definition of 0{v.) I.luit cv(7.t) must, satisfy 
the requirements on 0(w) ; that is, 

(36.03) / 

J 1 (,r 


d ll < 00 , 


Since p(w) = min (5, 2a/5) and aiu) satisfies the requirements of 0(w), (35.00) 
implies (32,07), (35,10) implies (32.08), and (35.11) implies (32.09). Thus if 
(36.01) is not satisfied the hypothesis of Theorem LVl implies that the hypothe- 
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sis of Theorem LI is fulfilled and thus in tins ease TluHmmi LVl is provcvl by 
Theorem LI. (Actually in this case Theonun LVI is somewhaf, more i’('s(,i-icii\^(' 
than Theorem LL) Thus for the nunainder of this chai)ter shall assume! 
that (36.01) holds. Since pi(u) is a decreasing function and sin(!e pi{u) ^ 2a/5 
leads to Theorem LI, it is clear that we are interested only in tiu' (lase where! 

0 as w — » and therefore where p{u) — > 0 as u — > 0. That p{ti) 0 

is in fact implied by (36.01). 

Let C 2 , Ca , • • • be positive constants which depend only on /v(.r) and }X„}. 
(We shall assume that 5 is fixed for any k(w) and therefore! also depends only 
on Kix).) Let 

(36.04) F(^) = n (1 - 


Lemma 36.1. If the conditions of Theorem LVI are. satisfied, there exists a 
sequence of functions {/„(s)), analytic for ] s ] > 0, such that 

^60(u) 

(36.05) |/n(s) 1 ^ C 2 i I = 

and such that if C is a path about s = 0 

(36.06) 


where 

(36.07) FM = F(xJ(7^-T„)- 


Proof of Lemma 36.1. 

/n(s) by 

(36.08) 


Fn{z) is defined as in (36.07). 


/n(s) = J Fni^y 


d,z 


Foi’ .S' 9 ^ 0 w(' (h'fine! 


where the path of integration is along the line am z = — am .s — and there- 
fore along the path of integration c”'*" = Since we asseuiK! that A{u)/u —> 

0, by Theorem XXX, F{z) = 0(e‘'"') for any e. Thus by the Cauchy integral 
theorem we can rotate the path of integration of /„(s) through any angle le.ss 
than 90®. Therefore fn{s) can be defined in any sector of the s plane whose 
angle is less than 180° by integrating along a fixed line in the plane (fixed for 
any particular sector). Thiis/n(6') is analytic in such a sector excluding s = 0, 
and since the s plane can be covered by three such overlapping sectors, /n(.s') is 
analytic in the entire s plane except for s == 0. 

From the definition of fn(s), 

\Us)\£ r |F„(e)|e-'"'|&|. 

Jo 


(36.09) 
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Using the prime on the product sign to denote the omission of the term k 


(36.11) 




Thus (3().()9) gives 


(36.12) 


x^nxji Jo 


(X„ + x) II 


l) “ i (’ >?) “ J ^ 


(36.12) gives 


(36.13) I S.M I ^ I f Cx + X..) «p{-x| » 1 + f 


..«(u) I" I'" 2x^ 

(36.14) ./ i- I (u: + X„)exp j-rrhl -t- y 


dy > dx. 


„„ d r 2 x‘ m ^ r w AO) , Q 

(36,1.)) I J.! .jl ,,2 y i„ (x^ + y')>^ y 


it follows that 


r 2x’ A(y) r 2a%v) A(i/) 

."Si) Jo + 1/2 !/" ■' Jo a'O) + if y 


f / \ r r” 4a) A(y) , 

r^’Uio 


1 aiu) max f - 2 “~r~" ~ 2 “0)pi(“)- 

2 ;c2 + r 2/ ^ 


Since / 3 i(«) -* 0, />(«) = Pi(«) for large tt. Using the above inequality in (36.14), 
we have therefore for large u 


Jl S (2) + 

Jo 





•; ■ ■■ 
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(36.16) Ji^ (a; + < a(w)(X„ + o:(u))e 

Jo 


a:(u)/)(u)/2 


Let 

(36.17) J 2 = f (x + X„) exp j-rti s\ x f d?/|(/:c. 

•'a(w) ^ \ y y ) 

Since for large u 

max r ‘^dy = \ pin), J, S f (a: + 

x^a(u) Jo -j- y 2 •'«(«) 

For 1 s I S p(u), 

J2 ^ r (* + 

J a(u) 

and evaluating the integral on the right we obtain 

—p(u)a(.u)l2 


(36.18) 


J2 ^ 


a^(u){2a(u)p{u) + 4 + 2Xnp(w)}. 


a^{u)p^{u) 

From the definition of p{u) it follows for large u that 


(36.19) 


\ \ C «'‘^(ii) A(?/) . 


Since the integral on the right, b,y (36.15), i.s an incroasing fuinjl-ion of a(u) and 
therefore of u, it follows that for large u 

a(u)p{u) ^ C3 . 

Thus (36.18) becomes for large u 

J2 < (w)e““^“^'’^“^/^(«('u)p(w) + X„p(m)}. 

Since a(u) is increasing and since with no restriction we can assimn^ that. X| > 1 , 
(36.20) Jo < CBa(u)X„{e“'’^“^“^“^%(w)«(w)} < CV(w)X„ . 

Using (36.13) and the definition of Ji and J 2 , 

1 


\fM \ + 


By (36.16) and (36.20), 


(36.21) 


l/.(s) I g rjdm “(") 

I \^n) 1 L X„ An 


^7 ni (w) q:(u) p(u)/2 


8 I ^ p(w). 
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[ 36 ] 

Using (36.19) 


, , , , ^ a in) A(y) , . 1 A(?/) , 

cx(:ii)p{'ii) > / >. 2 - -dy > / - - (f'U- 

^ Jo a\ii) + ‘ir y -^0 y 

Since A{y) ^ 1, ?/ > Ai , 

1 1“^“’ d;(/ ^ 1 


u) > 


2 A, ?/ 


> ^ log a{ii) — !y log' Ai • 


Or 


«(U) < 

iriuis (36.21) becomes for largo u 

irfAl < r, «(«)/.(«) 1^.1 ^ p(„,), 

IMOl = 

Since a{u)p(iii) ^ 0(w), and since, ilu' i,erm 'darge w” is usi'd in(lei)en(l(!nlly ol 
n, this result gives (36.05) for n ^ Uo for sonu' i/.» . But sinc(‘ p(//) is di'creasiiig 
it follows that if (36.05) holds for a, ^ Uo it also holds for ii < no by adjusting 
the constant Ck . 

We shall now prove that (36.08) implies (36.06). 'rhis is a wi'll-known 
result. Let 


Olearlv 


F,.U) = E 


1 1 r 71(2) 1 

= Sit 


For large | s j de])eriding 011 e > 0, 

I /'’..e) 1 s 

If 12 1= R on C and /il is large, 


1 I ^ 


If k is large we can take R — h/ e. Fhen 


(3(L23) 

From 


k k 


.fc 

fr 


fM = r 

Jo 


we have, if tr = izs, 
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rxii 


Taking w real and using the scries lor 

, / s _ 1 r" Y' .1... ^ y' L\ 

~ hi ^ S (is? ^ h (is)w '■ 

The inversion of integration and summation is valid siiu!c the last sum (and 
therefore the preceding sum) converges absolutely by (36.23) lor a,ny .s* 0. 

Using the last equality, 


1 f /.(s)s-"cis= A 
2^?, "C 2x'i Jc k’^0 ("^s) 


00 /• 00 

= S hh\ ^ = S ft., 2“ = 

^ 2TriJc (^s)^+^ ft-o 


This completes the proof of this lemma. 

Lemma 36.2. There exists an entire function (f>(w) such that 

(36.25) 1 ^(^^ + iv) j ^ Cn 

and 

iz\v\~W(h) 

i -H id 


(36.26) 


I 4>'{u + iv) I ^ Cu 


where d(u) satisfies Theorem LVI. Moreover if 


(36.27) 

then 

(36.28) 
and 

(36.29) 


^(x) = 


J^oo 


du 


(27r)i/2 

1 4^0;) 1 ^ Cio, 1 cU(:r) 1 ^ Cy, 


4>(0) = 1. 

Proof of Lemma 36.2. By Theorem XXVI and (20.08) it follows since 

j°° m(2u) 


du < 


that there exists an entire function H (w) such that for Xi , depending only 
on d{u), 


(36.30) 


\H{w)\ 


IdLi— 10fl(2u) 


1 + 
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Also t.lic Fourier transform of H(w), h(x) is such that 

(36.31) HQ) 9^(1 
Let 

(36.32) 4>iw) = 

Then if ‘T>(;r) is the transform of <^('a), 

cP(0) = 1. 

Also by (36.30) and (36.31) 

I $(.1;) I ^ ^-2^2 r+ u^‘ 

A similar result holds for ‘^'(.t). "riius we have proved (36.28), and (36.29). 
Since d(u) is an increasing function of j u j, (36.25) follows from (36.30), 

(36.31) and (36.32). By the Cauchy integral theorem 

= A, / 

27r'i Jc s 

where here C is a circle of unit radius about s = 0. By (36.30), (36.31) and 

(36.32) it follows that 

*llD|-lQ9(2|ti|-2) 




(36.20) follows at once, completing the lemma, 

37, Proof of the basic lemma. Proof of Lemma 35.1. Let 


(37.01) 




for V ^ 0, where C is the circle with center at « = 0 and of radius p{\ w |). The 
functions on the right are defined in Theorem LVI or in the yoreceding lemmas 
and are analytic for j s | = p(l w j), v ^ 0, thus making r,,(ie, B) analytic for 


s 1 = p('W), 

1 s I ^ 


V ^ 0. 

Using 


. k(u -f- s) ^1 

log gj. 

and 

|/.(s)| g C,p 

gives 


(37.02) 

1 Tniu, B)\ ^ Cm 1 


F'(\n)\’ 
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If 1 u I S 2p(0) this becomes using (36.25) 


(37.03) 




wl ^ 2p(0). 


If 1 1 > 2p(0), (37.02) becomes, using (36.25) and recalling that p(| lo 1) is 

decreasing, 


r„(n, B) \ ^ C 21 


u \e 


ie(.u) 2^^-iofl(i?M/2)+ci3P(o)» 


l/'^'(Xn)| 1 + (hBuy 


For B > 2 this becomes 


rni'U, B) I ^ Cn 


) jt('a, B') [ 


-3ff(u) C 22 I} 


1 u \e 

I^(x„)7 r+ 


u\ > 2p(0). 


,C23-B 


Using this and (37.03) 

(37.04) = |r(X,.)| 1 + «*' 

From (37.01) it follows that 

s) = mi' - w) 2^- 


lU 


2Trik(u) 


fn(fdHu — s)B%'{Bu ~ Bs) d.s-. 


By (35.11) and (36.26) in addition to the results used above in o))taining (37.01) 
it follows ill tlie same' way as did (37.04) that 


(37.05) 


_d 

du 


i n(,Uf B') 




|F'(Xn)|(l+u2) 


If Rn(x, B) is the Fourier transform of r„(w, B), then by (37.04) 


1 Unix, B) I ^ 10 




|/'"(Xn)r 

By (37.05) and Theorem F on Fourier transforms 

,,2024 « 


J 1 Rnix, B) p dx ^ 10 


\B'{\n) r 


(37.06) 


f 1 Rn(x, B) \ dx 

«L.00 




< 


l^'(X«)l 
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Returning to the definition of r^iw, B) and again using the inequalities for 
/„(s), and also the fact that 


log 


k{w s) 
k(wj 


^ M\ w 1, 


U'l ^ p{\w\), 


gives at once 


(37.07) 


■)\{w, B) 1 


^ A/ I W I -i (ifl ( 1 1» I ) -|“C 2 (i B I ll> I 

rr(x.)l 


For large values of u, 0(^ii) < u, for if this were not the (;ase, 6(un) ^ for a 
sequence {Wnlj Un Since Un we can assure > 2 m„ by deleting 

terms. Since 9{v) is increasing 


1 ^Un U 1 


2Un 


which is impossible. Thus 0{u) < u and (37.07) becomes 

(37.08) \ rn(w,B)\ ^ 

It follows from (37.04) and (37.08) and Tlieorem O' of Phragnain-IdmlelOf fiiai, 

(37.09) 

Since 

Rn(x,B) = [ r,Xw, B)e''‘'" dx, 

( 2 t)”^ J-co 

we can close the path of integration in the upper half-plane if x > C^iB. ddms 

(37.10) Rn{x, B) = 0, .r > C\^B. 


From the definition of r„(w, B), 


(37.11) = L f f,(s)k(w - - ««)'fa- 

m ^TTl Jo 

hkactly in the same way as in (34.20), 

(37.12) - r c'*' du= r B) dx f“ 7f(i/) dy. 

J— 00 T/'H V— 00 J a; 


Let 


(37.13) 


2"n(|) - f [ fn{d)kiw — s)B(f){Bw - Bii)ds 

J-oa •'C 

= lim t f Ms)k(w ~ s)B<l>{Bw - Bs)ds, 

A-*oo v—A aXli » Q 
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weTave^^ ^ ^ inverting the order of integration, 

tini: f / V . 

A-*k, '^'jrl. J r. ' ■ ■ I . '■■ -iJn) dw. 


- iiii 2S Ic ^ “ '■•)-B'/'(Ao - ^s) 

Using the Cauchy integral theorem this becomes 

'UQ = lun /„(s) 

+ “ ‘^yMBw - ;*) 

Making an obvious change of variables, 

“ f” 2S * C du 

l‘"i SS *(/^ + «'”*''(«’ - s)B,#.(Bto - Bs) (iw. 

Inverting the order of integration in the first integral above and using 



~f 

2iri Jc' 

gives 


(37.14) 

8 9 

C 

II 

E~i 

where 

= ^ //”«*£ 

and 1 2 is 

the other similar term. ! 


~jH-a 


dw 


gration (- A, - ^ + s), 

k(w — s) 


^ q'=‘U)pU) ^ ^BU) 


k(-A) 

Using this and the inequalities for /„(s) and 

M 1 I § G 29 ; 

Since B > 2 and since pU) 0 as 4 -» » , it follows that 

lim h == 0. 

^-^00 

Similarly with I, . Thus (37.14) becomes 
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Tn(k) = Pn(^) r e^^Vc(u)B<j,iBu) du 
J— 00 

1 r ^ oo 

“ (2^vs L ** j <iv 


du 


1 rtOO -00 

= /'’.({) 7S-V,S / K(.v)dy\ 

l-aTTj «/— oo </— M 

“ >''«(& llK(yy^(^^-^r)dy. 

The last result with ( 37 . 11 ), ( 37 . 12 ) and ( 37 . 13 ) gives 

r” r°° /t — . \ 

( 37 . 15 ) / Rn(x,B)dx K(y) dy = Fn (0 / K{yyi^{- jy-]dy. 

->-<» Ji-x J_oo V 73 / 

But /''n(X/;) = 0 , /c 5 ^ n. Thus 

( 37 . 16 ) / i^„(>^, B) d;c r / 7 ('//) dy - 0 , 

•Fqo "Xfe— a: 

Since 7^1 (X,i) = 1 , ( 37 . 15 ) gives 

i«, i;, _ ^^’7 = J K(y) yl>( 0 ) -h J <h'(x) dx>dy. 

Since $( 0 ) = 1 , this becomes 

( 37 . 17 ) / Rn(x,B)dx K{y)dy=l-\- Kiy)dy <b'{x)dx. 

‘'-oo 2-00 ' Jo 

Since | fh'(a') ] < Cho , 


k 9^ n. 


(37.18) 

Also since 1 <I’(;r) I < 


i 


(.K-vIPi 


4 ''(;c) dx 


^ bho 


Xn — y 





/\ ..A 

(37.19) 

/ fl2(a;) d;c 

JO 

= 



2(7 


Thus if Cho is so chosen that 


a -Cao ^00 \ 

+ / ) I Kiv) I (Jj/ < 

oo •'Cao/ 


then by ( 37 . 18 ) and ( 37 . 19 ) 

(X 71 y)lB 

'0 


r'0^n~v)lB 

K{y) dy / <I>'(a:) da; 

00 JO 

If we take B — Bn = 4^Cn0^n + 1 ), then by ( 37 . 17 ) and the above inequality 


C\ I A'(J/) I rfj/ + i < Gi + i. 


1 + X,i 
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Z oo «oo 

Unix, Bn) dx I K(y) dy 

00 •'Xn.— ® 


^ 1 


1 _ 1 . 
£ 1 


Thus if we set 


(37.20) 
then 1 7n 1 ^ 


«oo 

Rn(x, Bn) dx / K(y) dy, 
00 JXn—x 


Let 


(37.21) Rn(x) = . 

Tn 

Then by (37.06) 

L ' ^ rF(x»y I • 

Since by Theorem XXX, [ F'^K) \ > (35.16) follows nt once. (Since 

I F'{\n) I > e would do just as well, it is clear that Xn+i - ^ L > 0 (-{111 
be very much relaxed.) By (37.10), (35.17) follows. By (37.16), (35.18) 
follows. By (37.20) and (37.21), (35.19) follows. This compk^tes the proof 
of the lemma and therefore of Theorem LVI. 

38.^ Proofs of the remaining theorems. Theorem LV is provc^d I)y showing 
that its hypothesis implies Theorem LVI is satisfied. 

Proof of Theorem LV. (35.06) and (35.09) are obviously satiH(i('.(l. ('learly 

~ ^ T- 1 _ n(X,t+i — Xn) — X„ 

h-n Xn^l-l Xn Xn^-i 

Since X„+i — X„ is increasing, 


^(Xn-M Xn) ^ (Xji-J-I Xn) ”1“ (X,, X,i-.i) -j~ • • • T" (Xa — Xj). 

Thus 


ff ^ d~ 1 ^ Xn+l X,i — Xl 

Xji Xn-j-i X71 Xt,-.!-! 

But hn+i - X,. -> CO, otherwise we have Theorem LI. Tims it folkjws that for 
large n 

(38.01) IL > ^ ^ . 

X„ Xrt+i 

If 6 > a and Xat ^ 5 < Xat+i , X„ ^ a < X,i+i , then clearly 

A(a) + 1 ^ n + 1 A(6) N 

a = X„+i ' T~ - X^ * 

If iV > n then by (38.01) it follows that 

n^l ^ N 

^n+l \n 
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giving 

(38.02) 


A(a) + 1 ^ A(6) 


b ’ 


b > a. 


If n - N then A(a) = A(6) = n and since b > a, (38.02) is true here also. 
By (35.07) 


Using (38.02) 


Pi(w) = max f dy. 

x^a(u) Jq -j- y 


PiCu) ^ max f ^ dy + T 

••>:§«(«) L Jo X- -{- if y X f X^ 4- 


x‘^ + if 


dy 


•4 

X Jq 


^ max 

x^ce(,u) L-r Jo y 

By (38.02) for large .r 

A(rc) + 1 ^ 1 


X 


Thus 

(38.03) 

Clearly 

d (1 rA(y) 

\x Jo 


= f —A 2 rfj, < 4 r Ajjj) 

X — Ai Jxi y X Jx, y ' 

M S max if 

x>a{u) \ X Jo y ■ . 


dx 


y 


dy 


-i f Afe) _ _ 1 r (m a&ox , 

■tO, y '"-1+ U ^ )dy. 


Using (38.02) for large a, 


~(- f (hj) si f’lll + yi' 

dx V* J„ y ■'/ - *2 y ^ 


1 r dy . C 3 


V y 

log X 


Thus (38.03) gives 

PiiiO ^ [ 

a{u) Jo 

s A_ 

a(u) 


8 A(y) 


dy + 8U36 


f 

Ja{n) X/ 


a(u) 


y a{u) 


Since A(^y) ^ 1, (y > Xi), the above inequality implies 


(38.04) 


pi(«) s % [ 

Oi(u) Jo 


f>aCu) 

(u) Jo ~y 


A{y) 


dy. 


Since for large u, ^(m) 0, it follows from (38.04) for large u that 
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(38.05) 




0{v) = max {a(v)p(v)) ^ 6V/ f 
1><H Jo 


My) 
Jo y 


Thus (35.03) implies (35.12). 

In the paragraph following (37.07) it was shown that for larger u, d(‘u) < v/. 
Thus a{u)p(u) < u for large u and therefore (35.02) implies (35.10). 

Since k(w + s) is analytic for 1 s | ^ 5 and v —5, 

k(w + s) = k(w) + sk'(w) + 0(1 .S' |“) 
for small ] s [. Thus 

From this for small | s | 

Taking am s = — am {k' (w) /kiw)) and taking the real part of the ahov(j 
equation, 


log 

Since it is given that 

it follows that 


k(w + s) 

— U 1 

k'iw) 

k{w) 

~ 1 ^1 

k{w) 


+ o(i.sr). 


log 


k{w -j- s) 


k{w) 

k'{w) 


^ I .S! 0!(|?/)|), 


k(w) 


aQw\), 


Setting w = u s,\ s \ ^ 8, this becomes 

/c'(w -h s) 


k(u -j- s) 

Combining this with (35.02) it follows that 


^ «(| u H- I « I), 


V ^ —8. 


« I g 8 . 


log 


k'(u + s) 

-4— 1 AO* 

k{u + s) 

k{u + s) 

f log 

k{u) 


Or 


log 


k'(u + s) 


k{u) 


^ I s 1 a{u) -I- log «(| u I + I ,s' I). 


^ I s I a{u) + log a(| u \ -j- 1^1), 


By (36.22) log aiu) < 20(u) + log Cs . Thus 


[ 38 1 
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•S' ( S p (//■). 


k'{u + .S') 

~'W<) ^^'1 

Tl,i.s rasull, whil„ if; is „«|, (35 . , hs (35.11) i., U,„ 

•K.luiU piool ol llieorem LVI il v.v. I'l.pliK;.- 0(«,) l,y l.ho bu'Kcv fimcljon 9(2,/.) 

- iioughout the preol. Thiw coiniileto.s Mie proof of "rh(H)i-ein IiV 
In provnig ^^hoorem .LV,!! we require the following lemma. 

Lemma 38.1. If Theorem, LVI u mlujicd, then for any c > 0 and any « > 0 


(38.07) 




U I ^ V ^ 0, 


(IS I IV I — > CO . 

Proof of Lemma 38.1. Fi'om (3G.22) 

log ai;u) g 2${;ii) -f- log f78 . 

Thus by (3r).12) 

r log a{y) 

i, - <'!/ < “■ 

Therefore 

lim f‘ ‘Se “(P = 0. 

It— *00 ** tl ?/*■ 

iSiriee «(//,) is increasing tliis gives 


lijn a(u) f 

W— >00 Ju 


dy 


or 


liin = 0. 

« -*oo U 

Thus for any e > (), 

(38.08) ^(,,,) < ,.i«i 

Hut from (30.22) for large n 


I U I —> CO . 


'Sa(v) 


< pin). 


Sinco «(«.) is increasing it, follows from this and (38,08) for larg<i | u | f.Imt, 
(38.09) 

By (35.10) for real f 

I k(w ’T $) 

k(w) 


log 


SM\w\, !» £ 0, lU gp(|to|). 
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For large \ w ], p(| w [) is decreasing. Thus 

p(w -h ^ p(2 I w I), 

Let 1 $ 0 1 ^ c, 

= ^0 - np(2 1 ^ 1 ), 
and let N be the integer for which 

-p(2 I 'u> i) g ^0 - Np(2 1 w? 1) < p(2 1 10 I). 

Then 

I k(w + ^n-l) 


U U c. 


log 


k(w + ^n) 


Adding from n = 1 to p, = iV 


Also 


log 


log 


k (w + J^o) 
k(w + ^n) 

k(w + 


< 


M\w\, 


NM I w 


^ n ^ N. 


k{w) 


^ M\w\. 


Adding the above two results and observing that, from the definition of N, 

iV < 1 + — ilii <14- ^ 

- ^p(21p;|) = ' ^p(2|p;|)' 


it follows that for large | w 


k( w + ^o ) 
k{w) 


By (38.09) 


log- 


log 

k{w 4- 0 


^ 2cM' I w I 
"" p(2 I w I) ‘ 


k(w) 


^ 2cM 1 IV 1 e“ 




f I c. 


Redefining e, (38,07) follows at once. 


Lemma 38.2. If Theorem LVII is satisfied) there exists a sequence of funcMons 
{J7„(.r, S)}, such that 


(38.10) 

(38.11) 

(38.12) 


f 1 Rn(x, B) 1 dx < Css , 

J—oo 

\RAx,B)\d!o < 

00 

B) = 0(e-‘'‘*), 


-.1/2' 

An 


X — ^00 


I’liOOFS OI<’ the liEMAINING THEOREMS 
f Rn(x, B) dx f K(y) dy = 0, 

JXh~x ’ 


Zoo ZZ = 1- 
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k ^ n, 


( 38 1 

(38.13) 
mid 

(38.14) 

Proof of Lemma 38.2. Let 

(38.15) r.(tt, B) = ' x , x .x . 

7c(tt)(2r)‘« J,._. <l>(Bv)!h(u - 

wha-c . = 2Vi and ^(«) and g.ia) are delinecl as in Lo.nn.as 34.1 and ,34.2 „f 

33.i: (38.10) andTasflffolW 
■Let 

“ k(w)§rrJj‘^'" - .^(B,» - By)h.(v)dy 

*! 7 ^ (iefiiiitioe ooineideH with (38.15). 

t = 0, / n(io, H) IS aiiJLlytio. Also for v ^ (), by (38.07) and (34.07), 

('^'^••Ih) r,fw, B) = 0(/i I ai I I 

as I w I --> cc' . 8incc 


^‘'“‘‘“24' =”’“l‘2l“"2A- 


ifO ^ y ^ 2A, 


5}Jcosh'^t5> ■» ,;l-l/2A 
2 A 100 


■(l/IOO)nl»’l/2.< 


and (Jieroforc 

(38.17) ^“0Ob1uW 1!.< ^ 
d’horefnro if e < .^A, (38.16) give.s 

(38.18) B) = (;(c"'^‘ V""’”"''’), 
Since 


0 S V ^ 2 A 


lUx, B) = £ ,.„(«,, B)e<«‘dw, 

it follows from (38.18) and the Cauchy integral theorem that 

® ^"^*1 rn{Wf B)dw\, 
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and by (38.18) 


B) = 


X — > 00 , 


This proves (38.12). 

Let 

(38.19) r(x) = 1^ 

By (38.17), the Cauchy integral theorem can be applied as above to (38.19) to 
give 

T{x) = 0(e~'^‘"‘), 

and thus 

f 1 T(x) \dx < 00 . 


Also by the Fourier transform theorem, Theorem E, 

r T(x)dx = = 1. 

J—oo 

If we now treat 

(38.20) [’ k(u - - ByVUlj) dy 

— lu (27r}^'^ J-c 

in the same way as in the proof of Lemma 33.1 and in addition use (38.19), we 
have 


(38.21) 


/ OO poo 

Rn{x, B) dx / K{y) dy 

00 X 

= H„(s) r K{x)dx f y(!/)<l-(? 

J— 00 oo \ 


;c - y 

B 


dy. 


(38.13) follows at once on setting s = \k , k ^ If s = X,, then, as B — > «=, 
f B.{x, B)dx r Kiy)dy = f K{x)dx f” T(y)J^^~^Ady 

J— 00 a; J—oo J—oa \ •^^ / 


(38.22) 

But 


f” ' K(x)dx [“ T(y)i6('^~~~~ '^)dy + t.(l). 


(L_^) = *(o) + I 


Qin—x—V)lB 


<[>'(?/) dy 
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lluis lormulii (38.22) givc's (88.14). Thi.s coinploto.s tiic proof of tlio lemma. 
Proof oj Theorem liVII. Wo have 


00 «oo 

2 ] (In / K(y) (ly = fix) 

1 A, .-a: 

with fix) bouiidod, and by (35.13) 

(38.24) an = 

Multiplying (38,23) by Rn{x, B) 

(38.25) / R,fx^ B) dx £ a, [ K(y) dy = [ R„(x, B)f(x) dx. 

‘'-“0 1 •'Xaj-x J~oo 

Clearly 

f \ Rnix, B) \dx (k f Kiy)dy 

S f I H.lr. ny " I dr t I '>.<-<■' ' 1 r I I 

J\k — x 


Simie /v(;r) = 0(d"^-‘‘ '''’•") 


/ I I < C(d 

for SOUK* C iiidop(>nd(Mit of k and .r. dduis 

1 /f »(.T, B) I dx 2^ I a/,, f Kiy) dy 

1 I "Xi.— X 




r°° °o 

sc I R.(r, liy-"''’ I dx E I 

«/— 00 1 


i hus bx (.18.10), (38.12), and (38.24) tlu; order of integration and summation 
in tlu' l(>ft ,sid(' of (38.25) can Ix.^ inverted, [f.sing (38.13) and (38.14) this gives 

(In = liin f Rn(x, B)fi(i)dx. 

By (38.10) and (38.11) this becomes 


lim sup I ttn I S Cs8 lim sup |/(rt;) |, 

n ~*oa x-^co 

wliich completes the proof. 

Proof of Thexmmi LVIIT. Let 

GM=:ljii+^')e-'-i\ 

Let w = re*®. Then if Ait) is the number of < t, 
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log 1 \ = [ I log 14- 


I r cos $ 


Integrating by parts, 


• , ^ , 2 r f(2 cos' 0 - 1) 4- r cos 0 MO 

log I G(re ) 1 r -j- 2rt cos 6 -fr^ 

For 1 0 1 ^ lir, 2 cos' ^ - 1 ^ 0 and therefore 

1 . 1 ^/ I < ,-2 r r cos d A(0 

log 1 G{re ) 1 _ ^ ^2 _^2rt cos 6 4- 

, r r' A(0 

S -rcos9| 

g -h-<^osej’^dt, 


ifl| s K 


But (35.15) is equivalent to 
(38.26) 


lim f ^dt = cc. 

f— ►oo *lo 


Thus for any a > 0 

(38.27) log 1 G(re^^) 1 ^ -3ar cos 6, 


e I ^ It, 


for sufficiently large v. By deleting some of the Xn it is always possible to make 


lim = 0 
^—♦00 t 


without affecting (38.26). Thus if 




then Theorem XXX holds. Thus by (38.27) and (23. .06) for largo ?• 
/OO r»o\ I ) I ^ -2arooB9 | « | <- !„ I _ \ 


(38.28) 

Clearly 


Thus as above 


1 F(re") 




-/nGs) 


Gire^^) I j ^2 r“ ^(1 — 2 cos' 6) 4- r cos 0 A(0 


“ 1 F(re'^) I Jo f — 2rf cos 0 4- 
For \r S 1 d 1 ^ |t, 1 — 2 cos' 6^0, and thus 
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log 




< 


■10(1 - 2 cos' e ) f .2 -^-72 y - r cos d f .,7^- - 
■5(1-2 cos' 0) [ - r cos <? i f dL 

*'Xio I 2 Jo E 




Therefore 
(38.29) log 


From (3S.29) if w = m + fy, 


^ -5(1 - 2 cos' 6) log 1 r cos d f dl 

AlO ji Jo 


Giiv) 

F(w) 


< 


x5‘o 


By (38.2(5) for any a and sufficiently large ?* (38.29) giv(‘s 


^ -2 log r - ar cos 0, I-tt ^ j 0 [ ^ -^tt. 
(Combining this with (38.28), if w = u + w, 

= ([to 1=) ’ I I I I a ii. 


G{w) 

F(:w) 


bet 


/(y/) = _..l. f fry'‘' fiw 
2iriLi^F(w) 

8in<!e (38.31) holds for any a, we can clos(‘ tin? i)a(,h of inb'gration in t,he above 
inlc^gral to the right for any real 1 / giving 


- e~^’"'G(X,d 


? F'(X„) • 

By (38.30) it also follows from (38.32) that/(//) is uniformly bounded for real 
y. Thus there exists 


By (38.27) and (21.07), (38.33) converges uniformly for y ^ —x. Odius 

rsi» />■"■* - ? gij,» l : 

Making an obvious change of varialde in each integral on the right 

c2t)-« L ■ r(x:)- 
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By (38.34) it follows that 


(38.35) 


lim X] 


(t(X„)c " 


/•« 


I 


.dy = s. 


r i^'(X„) 

On the other hand (21.05) implies here, for any e > 0, 

F'(w) = 

Thus for large n 


W — > CO, 


(38.36) 

Also for 0 ^ a: ^ 1, 


mXn)| 


1 > d 


-Xn 


A[(l + x)e-’ - e-’] = x[2e-’‘ - > 0. 

dx 


Since for rc = 0 

(1 + x)e~^ ^ 

it is true for 0 ^ .r ^ 1. Thus for u > 0, 

G(u)^ n e-"'’- n (i+^)e-“"" 

X„gM Xn>w \ An/ 

^ n n 

X„g« X„>U 

Since Xn ^ nL, it follows that 

X r s X X<i(n-iogA 

x„sk Xji n/jgu wA A \ A/ 


and 


Thus 


y ~ < Y ^ <1 ^ 

nfeu = Lu- I/ 


G(u) ^ exp {- (1 + log u/L)u/L - u^/L{u - 7^). 


And therefore for large n 


G(Xn) ^ 

Combining this with (38.26) it follows that 


But these are the coefficients of the seiies (38,35) and therefore their sum must 
diverge. This proves Theorem LVIII. 


CHAP'I’ER Xn 

ON IlESTRICTtONS NECESSARY FOR CERTAIN HIGHER 
INDICES THEOREMS 

39. A restricted higher indices theorem. We have in the last two chantens 

rions^rl-’M . ““di- 

b on A(.t) rind {X^}, and with no restriction wliatever on {an}, 


iin])lies tliafc 


00 ^CO 

lim 5] an / K{y) dy 

iC-foo 1 *'Ah— * 


£ ttn 


lo tlie ca.se of A-(x) = e-'''V{2r)'« there wa.s no general theorem if X„ satisfied 


00 rfOO 

lim y] an / dv 

x~>za 1 A,,-* 


,, ,1 • , ■ ' c V '-.vm rrvr ftV.JIUl.LI l.lUiUltllil 11 A„ SaWSHCU 

<.tl...,g more than K-h - & A > 0. f„ the o.rample wo gave l« show that 

MILS was tlie case 

n\ ' 

Heio an is very largo. Tlu; ([luvstion arisi's as to whothca- or noi iL is ])ossiblc for 

,ridn 

K+i - Xn ^ L > 0, 

iuid yc(, lor ^ «« fo divi'i-gc if a,, is somcwhal, smaller l.lian in (3i).{) I ). Wo shall 
show ihai this is not {lossihlcL li, other words with a, vory mild i'os(,ricl,i()n on 

' A's/f/;!: ‘‘ lA" 'J’imhorian thooivm follows for Kh) - 

/{2t) 

A genoral rosidt ol this tyiio is tnio for a largo ohiss of K{x) wliich fall undor 
tho unrostricted Taviliorian thoorom of tho last (diaptiM-. Actually wo shall 
give a comi,lot(> proof only for Kix) = The reason for this is that 

a gonoral s^(:,atom(-nt would lie vory cornidicatod and la, ole iirocision. Howovor 
tho method ol proof used wHl bo easily a,pplioablo to otlu'r ./C(,r), and wherever 
any iiart of t lo proof lor c •' V(27r) does not gonoralizc in an obvious manner 
wo shall point out, oxacitly how (,hat jiart doi.is goin.vralizo. 

Iho thoorom for K{x) ~ q " ^“/( 27 r)^^" follows. 

Theorem LIX. Lai 

(39.02) t „„ r 

I 

If ^n+1 — Xn ^ L > 0 and 


-2,2/2 


^,,-a (27r)^A 


kdy = fix). 
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(39.03) an = O^exp log X„ - 

where y{u) is increasing^ y'{u) < w/w, and 

(39.04) 

V 

then 

(39.05) lim /(.'c) = s 

a;— >00 

implies 

00 

(39.06) X) «n = s, 

1 

or 


(39.07) 


lim inf {f(x) — s] = — il, lim sup {fix) — i'} = 

a :— >00 a :— 


implies 

(39.08) 



6' ^ Co 


■w^/iere Co depends only on L. 

How Theorem LIX would be stated for K(xi) other than «~’'“^“/(27r)'^" will bo 
clear from the proof. 

Theorem LIX is a best possible result in the following sense. 

Theorem LX. For any A > 0 there exists a sequence {a,,} such that 


(39.09) 

a„ = 0(exp if — 2n log n — An}) 

and 




(39.10) 

lim Z) an / Ts-rpg*/ = s, 

i-*«) 1 '^nL-x 

But 


(39.11) 

lim 1 a„ 1 = 00 . 


n— >00 


The proof of Theorem LX is quite simple and can be given at once. 
Proof of Theorem LX. Let 


(39.12) 


fiy) = 


«too-K /2 


-wLy—iAio 


dw 


2x1 J-ioo+1/2 sin 7rior(l + 2w) (1 + w)^’ 

By Stirling’s formula, (41.07), li w = u -j- iv and | am ly 1 ^ | tt, then 
(39.13) I r(l + u iv)\ (2t)^^^ exp {—v tan“^ v/u + (w + ^) log | w 


w}, 


[ 40 J 
Thus 
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1 




r(2 + 2w) 

and therefore (39.12) implies that/(^) is uniformly bounded (— oo < y < w). 

Also by (39.13) the path of integration in (39.12) can be closed in tlie rigid; 
half-plane to give 

^ ^—nLv—2An 

I 7r(2n)!(l + n)*‘ 

Multiplying each side by and integrating 


f(y) = Z 


f fiy)i 

J— a 


- 2 / 2/2 


00 /> 1 ■\7t —2 An 

dv ^ 

^ Vx(2w)!(l -{-n)3 


£ 


—71-^1/— 2/2/2 


dy 


= E 


^ 2jl7iH->i2x,2yo ^00 

7r(2n) ! (1 + ny 


L 


-(v+nL) 2/2 


d.y. 


Or 




in /'CO 
Jnh-x 


•/-» 1 x(2n) ! (1 dr ny Jul-x 

Since /(?y) is uniformly bounded, this gives (39.10) at once witli 

^ ^n^L^I2—2A7t 

"" '^" + w)»(2n£r ■ 

That (39.09) and (39.11) are satisfied follows at once. 

40. Proof of the theorem. We now turn to the proof of 'riKiorem blX. 
As stated before, the method of proof will bo a general one. in onhu' to best 
show this we shall occasionally use the more general notation A'(:f), k(u) and 

k{w + ^) 


max 


k{w) 


S d 


a(l«'|) 




In our proof, of course JC(a;) = e“^''^V(27r)^^b k(u) = <r“''V(27r)'^“ .and «(| w |) = 
ttL I w 1 -|7r“l/. For the rest of the chapter C\ , C» , • • • will be iiHe<I to repre- 

sent positive constants depending only on L. 

Lemma 40.1. J'here exists a set of entire functions \Tln{s ) } such tJuU 

(40.01) I-h{Xu) = 0, (k ^ n), //„(A„) - 1. 

Hn(x) fi I/( — 00 , 00 ) and its Fourier transform is hn{u) where 

(40.02) hn{u) =0, 1 w 1 > tt/L, 

(40.03) I hn{u) 1 < 

(40.04) 1 hUu) 1 < 

Lemma 40.1 would remain the same for any K(x). 
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Proof of Lemma 40.1. n is kept fixed tliroiiglioiit the proof of this Iciniiia. 
Let 


Then 


and 


Let 


aic = kL if I kL — X,„ + X„ [ > for all rn > 0, 
cTh ~ kL if kL — Xm + X„ = IL for some 'm, 

(Tk = X,„ — X„ if —\L ^ kL — Xm + X„ < l/y. 

I 0-, - kL I ^ hL 




0-fc 







Then as in (34.05) 

(40.05) 1 T(.s) 1 ^ 05(1 + 1 s 


where t = ^s. 

From the definition of o-/, it is clear that {cr/,) contains {X,„ — X,i}. Also if 
1 \n/L +10 — A^ I < 1 and if k < —N, then cr/,-, ^ X,„ — X,* for any m since' I'or 
k < —N, (Tu lies to the left of all X„i — X„ . Tims if O7 is an inteegei' and O7 > 
06 + 4 and if 


+K:7 / 1 \ 

H«(sH-X.) = T{s) n (f- - 7 - - ), 

AT \1 — S/ff-k/ 

then (40.01) is satisfied. By (40.05) 


N^•C^ 


kL 


|/nwi s c.(i + 1,, n I,, , -7-,. 

N \ kL + s — I 


Since j NL - X„ 1 ^ IIL, if [ s | > (O7 + 20)L, 


(40.06) 


" ' ~ "(1 + 1 , Ifo+T 


OaMtML 


Since Lr„(s) is an entire function this must also hold for 1 .9 [ ^ (O7 + 20)0 if 
Os is adjusted. 

Let 


(40.07) K{u) = d», 

By (40.06) if w > ir/L, the path of integration in (40.07) can be closed in the 
lower half-plane giving Kiu) = 0, u > tt/O. A similar result holds for u < 
- tt/L giving (40.02). From (40.06) and (40.07) 
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[ 10 I 


1 hniu) I ^ Cs r 

oo 


(1 + I s - X„ I)'-’* 


from which (40.03) follows at once. (40.04) follows similarly. This completes 
tlie proof of the lemma. 

[In a general theorem it would be necessary at this j^oint to set up another 
lemma to prove the existence of a function, ^(w), analytic in the upper half- 
plane, y ^ 0, and such that 




where 6(u) is even and monotone increasing for u > 0, and 


r 


e(u) 


du < oo. 


Also \p(w) is to be of as small an order as possible in the upper half-plane speaking 
qualitatively. To be precise Tp(w) is con.struct(‘tl as follows: 

Lot N be the smalh^st inleger .so that 


Jl W^+2 


d u < 00 . 


01)viously N > 0 otherwise the requirements of Theoi’em LI would be satisfic'd 
and an unrestricted Tauberia-n tlu'orem would be true. It'or N ~ \. 


Whatever N may l)e, let 


' - sin N0 


- 2«^ cos 0 '-(- e) 


dl 


Then since 


sin (N + 1)0 - sin N0 ^ ^ (RdY'^' 

-cv,i 1- _ (/^c‘'®)"\ 

I' e' j’ 

U(R, 0) is analytic in the upper half-plane and is equal to a{R) for R, > I and 
0 = 0, or (9 = TT. Let V{R, 9) be the conjugate function to V{R, 0). d'hon if 
V) = Re'^ 

Hw) = 

In case K(x) = e~‘'“^V(27r)^^^ it will suffice to take \p{w) = r(l ~ 2iw/L).] 
Lemma 40.2. There exists a seque7ice of functions {j!?«(.'c, B)] such that 

(40.08) r I Bn(x, B)ldx< ax°" , 


(40.09) Rn(x, B) = 0(exp{|I/a; — 
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if 6(x) is monotone increasing and 


(40.10) 


f dx < cc, 

Ji x^ 


and c is a 'positive constant dependmg on B. Also 


(40.11) 


f Rn(x, B) dx [ Kiy) dy = 0, 
J—ao 3! 


k 7 ^ n, 


1 . 


(40.12) lim [ Rrfx, B) dx f K{y) dy 

B-*oo J— 00 

Proof of Lemma 40.2. Let ^(w) be defined as in Lemma 36.3. Let ^{w) 
r(l — 2i'U)jL). Let 

2i 


ds = T 


(‘ - t) 


Then it follows easily that 

J— 00 

and in particular then that 

f 'i'(s) ds = 1. 

J — .00 

In general terms let 

—■?wB 

(40.13) Tniw, B) = J “ ^)<f>{Bw - BQ 

In the case under discussion here 
■iwB 


= (2^ - 1 (w - 4 )L(b»« - HQ d(. 


Since 


max 1 | = 

lei^wx- 


and since 

max r(l —~{u~ ^)\ I = 0(1 u 1 

\ L /I 

it follows that 

1 >■„(«, B)\SCnB\u\(l + \u\) I K{Q't>(.Bu - BQ | dQ 

J—tlh 

Using (40.03) and Lemma 36.3, we get in the same way as in Lemma 33.1 


[ 40 ] 
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I n.(«. B) 1 S Gn ^ 

Proceeding similarly we obtain a similar result for B), and using these 
results just as in Lemma 33.1 gives 

[ 1 R,Xx, B) I dx < 

J—oo 

where Rn(x, B) is the Fourier transform of r„(7.t, B). Fliis jiroves (-10.08). 
Exactly as (38.20) gives (38.21), (40.13) gives 

riUx,B)dxf K{y) dy = U„(s) [ K{:r) dx [ 

J«0O S — X J—’QO CO \ / 

(40.11) follo^¥S at once on setting s = Xu • Setting s = X„ and proceeding as in 
(38.22) gives (40.12). 

It is the condition (40.09) which causes us to write tins theorem lor a particular 
case rather than in general terms. For this condition is obtained by con- 
sidering integrals along various curves in the complex ])hui(' and does not 
express itself at all simply in general terms except at a c(jnsidc!ral)le sac,ri(ice ol 
precision. 

Here 


Rn(x, B) 

(40.14) 




By the (laucliy integral tln'orem (he i)ath of iid.egration ca.n he defornK'd (.o B 
where part of P consist<s of a semicircle in (h(i ui)per half-phuu' of radius r a,nd 
center at re = 0 and the rest of P is ( — =o , —r) and (r, ^ ). Thus using (40.03) 
for 


niax 

PlgTT/f. 


<;”'r - J («J - a) = <K\ w I 


and Lemma 30.3 for f/)(Pw — B^), (40.14) gives 


/' 0 , 


(40.15) 


Ij 



‘ ' 


Let the radius of the semicircle in P be 


r = exp {^Lix — CnB — 1)}. 


Clearly (40.16) can be written as 
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OOlul'Z) 


1 Unix, B) 1 S Cu\n'^B7'^ jT exp|r sin t^—x + CnB-\-j log/’^ — dir^Br cos t) 

+c,.x:“5(£' + /;)f 

Using the definition of r this gives 

I Rn{x, B) 1 ^ Ci,\"n^B/ r dt 4 - CisXn^Be 

Jq 


(U 


+ Bhi^ 


dll. 


-OiltT/i) 


dt 2 


/4 


»7r/4 

Jo 


^—Olilirli) uus 1) _j_ fl(/<r/2)\ 


Since d{u)/u—^Q as w — » °o, as we have shown several times, the last inequality 
gives for large a;, Rn{x, B) = This gives (40.09) arid completes 

the proof of the lemma. 

[(40.09) depends on the K{x) used and will be very different for diffei’eiit K{x). 
The rest of the proof involves the use of (40.09) and therefore the detail is 
significant only for although the general idea involved in jiroving Lemma 
40.4 does not change with K{x).\ 

Lemma 40.3. // yiu) satisfies (39.04), there exists a monotone increasing 
function, d(u), such that S(u) —> co as u —> 

(40.16) 8'(u) = o(l/u), 

and 


I 


(40.17) 

Proof of Lemma 40.3. Let 


y(tt)+J(u) 


'““I 


d u < 00 . 


” g-yG) dy 

2 " y 


Then {e„,} is a monotone decreasing sequence and e„ ~> 0 as n — > oo. Let 
ni, m, • • • be a sequence of increasing integers such that 




^"2 22 ’ 


, 1 , 

28 ’ 


Let 


6n 


nx 


0 ^ n < ni ; hn 
1 


bn — 


ns — n2 


n2 — ni 

na ^ n < ns , 


ni g n < n 2 ; 


i-lUl 
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Then obviously 


Lb, 


00 . 


But 


n««0 


00 00 1 00 -i 

L b,., sLL s 2 = I. 


Let 

(40.18) 

Then 

(40.19) 

On the other hand, 


fc=2 nk-i n/c — n-k-i h 


m = 


2^- 


2" ^ t < 2" * '. 


^00 oo I 00 

h(oa = LZ di = Lb.^ 

Jl n=0 J2« n=0 


/•oo /•oo I 00 I /•Ot 

/ h ( i ) di [ s E I / 'III 

Jl Jt V n=0 2‘ •'2» •'2’‘ 


d/y 


= 2 < CO. 


Or integrating by parts 
(40.20) 

Let 


^~-y(y) r 

y Jo 


[ h(l) 

JQ 


(It < 00 . 


/ ft 

li{0 dl. 


Then by (40.19), b{u) — > co as w — > oo. By (40.18) h{i) ^ 2/i ,siuec 6,,, ^ I, 
Since 


8'{u) 


h{u) ^ 2 

Jo h{t) di u jo h{L)dC 


relation (40.16) follows from (40.19). Inequality (40.17) follows at onc.e from 
(40.20). 


Lemma 40.4. If Theorem LIX is satisfied and f(x) = 0(1), Hum 

(40.21) a« = 0(k^r). 

Proof of Lemma 40.3. If we show that we can invert the order of summation 
and integration in 
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/ oo 00 ^00 

R„(x, B) dx X) ak / dx, 

■00 1 •'Xjfc— a: ("TT) •Hoo 


then by Lemma 40.2 


S lim sup f 1 Rn(^, I dx — 0(An‘®). 

«/— 00 


Thus this lemma depends on showing that the order of sumnialion and inic'gra- 
tion above can be inverted. This can be done if 


(40.22) E I at 1 [” I Rn(x, B)\dx T < 

1 J— CO •'Xfc— X 


CO , 


Clearly 


/ (logX*)/!, ^co 

\R^{x,B)\dx c~^’‘Uy 

CO •'Xif—x 


/ (log Xi)/ r. y*00 

jR„(x,B)ldx / ye~'^"‘~dy 

00 “Xj.~( 1 oc XiOM 


Xit~(log Xi)/^^ 


Also 


(40.24) 


y* 0 O 

^ exp { -|X| + {\k log X/,)/L - Klog / | /^) ] dx. 

/=(/£)= r r <>-•'' -dy 

*'Xjfc/2 •'Xfc— a 


/ OO rtOO rtOO 

e-’''''‘dy / I 7i) | tk S 10 / [ «„(.r, «) | ,k. 

00 •’Xifc/2 "Xii/a 


Finally 


rXi/2 ^00 

o/sC/c) = / 1 /One'll, 7i) j dy 

•'(logXfc)//) •'Xfc— a 

(40.25) g / |KXT.B)|(;^“‘'-'”'-(fa 

( log 

^or» 

max |ii„(.'c, e 

j/j'.gxsXfc/a J- oO 


^ e 


(log X*)/ /.gagXfc/2 

It is clear that (40.22) is equivalent to 


(40.26) 
That 

(40.27) 


]X 1 I {/i(/c) + / 2(^1) + J z{k ) } < 00 . 


Z) i flfc I / i(fc) < 00 

*=■1 


[401 
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follows easily from (40.23) and (39.03). We shall see that we can assume that 
6(x) > (log xf for largo x. Thus (40.09) gives 

Rn{x, B) = 0(exp {fLa: - (log c + ILrc)'*)), a; — > oo, 


or 

Thus for large \k , (40.24) becomes 

= off” dx) = 

This implies that 

Mk) = 0(e"^''‘). 

But this last result and (39.03) give 

00 

2 I cbh\JM < 


Thus of (40.26) there remains to be proved only 

00 

(40.28) ’EaMk) < °o. 

1 

Let 

(40.29) /3('«) = 7 ^ (iom)' 

where 8{u) satisfies Lemma 40.3. Tlien by Lemma 40.3 

/ “> g--/3(w) 

—~~- du < 00 . 

Let 

ff(«) = 

Then 

J'(«) = /<“>(! + ^nu)\ = /“{i + 

S «^“{i - r® 

It follows at once from (40.16) that for large u, g'{u) > 0. That is, g{u) is 
monotone increasing for large u. Let 6{u) be the inverse function of g{u). 
Then 6{u) is monotone increasing for large u. Also by (40.30) 
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i: 


du 

!7(w) 


< 00 , 


Integrating by parts 


/; 


g\u) 


dg{u) < CO, 


Ijet X = g(u). Then the above inequality gives 


r 


e(x) 


dx < 


This is (40.10). Also since /3 (m) ^ 7(Lm/ 10M), and since 7 '(m) < M/v/, implies 
that y(u) = 0(log u), it follows that = 0(log u) = for lai-ge ?/. 

Thus for large u 

g{u) < c“‘'’ 

or if X = g{u) 

(log xf < e{x). 

Thus for large x, 6{x) satisfies all requirements. Moreover for small x wo can 
change d{x) to meet any requirements without affecting anything in the following 
argument. 

By (40.09), 


Ji(k) = max I 

(logX*)/ f,gx<oo 


(40.31) 

Let = y. Then 


0 ( max exp {fLx - + X/,.r}'\ 

\(l 0 gX*)//,gx< 0<5 J 


Ji{k) = 0( max c^3+2Xfc/r,)(:oei/-iogc)-ff(i,) 


cXR2gj,<oo 


) 


k ■■ ■-> CO . 


k —■■> CO . 


We observe that for large k, e(y) is involved only for large y. l.et d(v) = n. 
Then ■ - • V,/; 


(40.32) 


Ji(k) = 0 ( max iogc)-«' 

\fl(cX^/*) <it<oo 

= 0 / max iogc)-M\ 

\OgM<00 ) ’ 


Let the value of u which makes 


(40.33) 

a maximum be Uo . 



(log u + ^(u)) 


— u 


Then differentiating, 


k --> CO , 
k — > CO . 


PU(.)()1<' OF THE I’HEOKI'EM 


241 


[ 'iO I 


Or 

^3 4* ~£^ ~ • 

From the definition of i3(w), (40.29), 

^ iffi (r®) ■ 

Since y'(u) < M/ii this gives 

l8'(w) < M/u. 

Thus 

^3 + (1 + M) ^ /A) . 

Or assuming M > 1 as we may with no restriction and assuming k large, 

lOMXfc 


Uo < 


L 


Since uo makes (40.33) a maximum, (40.32) now gives 

Ji(k) = 0(exp [(3 + 2A,/L){Iog (10MX,)/L + j8(]OMX,/7.) - log c}]). 
From the definition of ^(u), this gives with c redefined 

Ji(k) = 0(exp [(3 -t- 2XA/Z/){log \k + t(X 0 — 5(X0 — log cjj). 

Thus since. 8(Kh) — ^ w as /c — > , 

Ji(/c) = 0(exp [(2X/,/L) { log Xt + yM — I )J), k ~> co . 

llecalling the definition of Ji(k) and using this in (40.25), 

Mk) = ofexp log t(X*) - 4“’])' '' " * 

From this and (39.03) it follows that 

S 1 afc 1 Ja{k) < 00 , 

1 

and this completes the proof of the lemma. 

Proof of Theorem LIX. By (40.21) it follows that 

a„ = 0(e^")- 

From this Theorem LIX follows using exactly the same proof as for Theo- 
rem LVII. 
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41. Theorems used. The following theorems are freQiieiitly reierred 
They are all contained in Titchmarsh, Theonj of Functions, Oxford, X932. 

Theorem A. (Jensen.) Letf{z) he analytic for 1 2 1 < Ah If /(O) 0 and 

n(x) is the number of zeros of f(z) in | 2 | S then for r < K 

(41.01) jf dx = ^ j[ log I 1 1 /(ll) I- 

It follows from this that even if /(O) = 0 


(41.02) 


f < i- r log I /(«•■*) 1 ,ie + A 

Ji X 27r Jo 


for some constant A depending only onf(z). 

Theorem B. (Carleman.) Letz = .r + iy and letf(z) he^miatyUc for x ^^0. 
Let the zeros of f(z) in (I S\z \ S R, 1 am 2 1 ^ ^-x) be ric*"', r^c' “,•••, ". 

Then 


(41.03) 


*=i \rk Ry 


1 

cos die ^ -5 / log \f{Re ) 1 cos OdO 

TTli J-7r/2 

where A is some constant depending only onf{z). 

This theorem can obviously be modified to alknv lor/(2) analylic. lor x > 0 
and continuous for a; ^ 0, 

A trivial addition to the proof of the above theorem givers 

Theorem Bh Letz = x A' iy and letf{z) be analytic for x ^ 0. Ac/. /(O) ~ 1 
and let the zeros in (j 2 1 S R} \ ^ 1 = •i'"") S '>’’20 "• I hen 

E - -s) = -i>r '°e I ® 

\rk Ay ttR J-t/2 


(41.04) 


-j- 


2x 


I Qi ~ S*) I 


/'(O) +/'(0) 


Theorem C. (Phragm6n-Lindel5f.) Letf(z) he analytic in the region between 
two straight lines making an angle x/a at the origin and on the lines themselves. 
Suppose that 
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(41.05) \f{z)\SM 

on the lines and that as r ao 


m = 

where /3 < a, uniformly in the angle. Then (41.05) holds throughout the region. 

Theorem C . (Phragm^n-LindGlof.) Tet z ~ x iy and. letf{z) he analytic 
for X ^ 0. Let 


If 

and if 


m = Ofel.l"’), |s|-^ = 0 , lame I S 
/W = 0(c“), 

/(%) = 0(1 y I V'''), 

then for (r -» oo, | 0 | ^ Itt), 

(41.06) = 0(r”e^“ "l^’'). 

Theorem D, (A special case of the Hadamard factorizatio]i theorem.) If 
f(z) is an entire function such that 


then 


m = 


/(«) = <K”e*'n (l - 

fc-l \ ZjJ 

where [zu] are the zeros of f(z) not at the origin and n is the multiplicity of the zero 
at the origin. 

Theorems. (Fourier transform.) Let f(x) € L(~ co ^ oo). Let 

Then at any point where f{x) is continuous 

Alsoiff{x) eL^(— 00 , 00 ), 

/^lF(n)pdn = \f{x)fdx. 

Theorem F. (Stirling’s formula.) 

(41.07) log r(l + 5!) = (2 4- A) log 2 - 2 -j. 1 log 2t + o(l) 
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41 


/or (I 3 1 —> 00 , 1 am z\ ^ tt ~ d), (S > 0), ivhere each logarithm has its 'principal 
value. 

In C/h!L])ter IV we require the following theorem on Fourier transforms.* 

Theorem G. Leif(x) <»), 1 < p S 2 , Then there exists a func- 

tion Ifu) eL''(— CO, co) where q = p/ip — 1) and 

ljix)e''^^dx 


1 

(2x)i'2 

converges m the qth mean to F(u) as A —> oo 

/ 


Also 


and wherever fix) is continuous 


.00 >1/0 f y/p 

Ijmvdu] . 


~ L“j) 

In Chapter III we make use of the following result which we shall prove here. 
Essentially this result bears the same relation to Carleman’s theorem as the 
Poisson- Jensen theorem does to Jensen's theorem. 

Theorem H. Let z = x A- iy ernd let fiz) he analytic for y ^ 0 , Them for 
0 < 6 < TT and 0 < r < R 

logi/OF")! ^ 1 r", mT 1 

fki = ; L 1^^*’ I 

R^ 1 

( 41 . 08 ) “ /jrT 'oTirpar Til 7 . 2^2 J 


— 2rxR?‘ cos 6 A- r 

IT Jo 


R^e^'^ — 2rRcoSi 0e** T r^ l''^ 


This result will be derived by first proving an equality. 
Proof. We consider 


(4i.on) ^V/iog/ft) 


T 


„_.L 1 

rt- - 




1_ r_ 

L^‘ - re" i - re-" — E^e" 

taken around the semicircle (] ^ 1 = E, 0 < am ^ < tv) and along i — R, R) in 
the positive direction and starting from the point iR, 0). We first assume there 
arc no zeros in the semicircle. Taking the real part of the above integral we 
obtain r sin 6 multiplied by the right side of (41.08). By the residue theorem, 
(41.09) is equal to log /(re") and the real part is log l/(re") j. This proves 
(41.08) (as an equality) when there are no zeros in the semicmcle. 

^ Titchmarsh, A contribution to the theory of Fourier tramfovTns, Proceedings of the 
London Mathematical Society, vol. 23 (1934). 
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Let, there be a zero inside the semicircle at Zi . Let, 



Then /i(s) has no zeros in the semicircle and thus (41.08) liolds for fi(z). 
on the semicircle 


But 


z — Zj — ziz _ 

z — ziR^ — ziz 

Thus the right side of (41.08) is the same for f^{z) as for f{z). The left side 
becomes 


(41.10) 

Since 


r sin 6 r sin 6 ^ - zy ^ 


re'" — zi R^_ — 2ire'" ^ 

7‘e’® — zi 1^ — zire'^^ ~ 

in the semicircle, the second term in (41.10) is positive and can tlierefore b(' 
dropped giving^ the inequality (41.08) for j\z). How several zeros would l)o 
handled ds^now^obvious. 

As regards zeros on the boundary of the semicircle, the path of integration 
of (41.09) can be deformed so as to exclude these zeros by tracing small S(;mi- 
circles of radius p about them and proceeding as above. If we let p — > 0 (lien 
since p log p — > 0 the integrals on these small semicircles will tend to zero. This 
completes the proof. 


s 
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